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We review the use of the exact renormalization group for realization of symmetry in
renormalizable field theories. The review consists of three parts. In part I (§§2,3,4), we start
with the perturbative construction of a renormalizable field theory as a solution of the exact
renormalization group (ERG) differential equation. We show how to characterize renormal-
izability by an appropriate asymptotic behavior of the solution for a large momentum cutoff.
Renormalized parameters are introduced to control the asymptotic behavior. In part II
(§§5–9), we introduce two formalisms to incorporate symmetry: one by imposing the Ward-
Takahashi identity, and another by imposing the generalized Ward-Takahashi identity via
sources that generate symmetry transformations. We apply the two formalisms to concrete
models such as QED, YM theories, and the Wess-Zumino model in four dimensions, and the
O(N) non-linear sigma model in two dimensions. We end this part with calculations of the
abelian axial and chiral anomalies. In part III (§§10,11), we overview the Batalin-Vilkovisky
formalism adapted to the Wilson action of a bare theory with a UV cutoff. We provide a
few appendices to give details and extensions that can be omitted for the understanding of
the main text. The last appendix is a quick summary for the reader’s convenience.
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§1. Introduction
This is a review of the exact renormalization group (ERG) with an emphasis
on the use of ERG for realization of symmetry in renormalizable field theories. In
writing this review, we have set two goals. The first is to popularize the ERG
formalism among the practitioners of quantum field theory. We believe ERG has
enough merits to become part of the shared knowledge of all those who use quantum
field theory to think and calculate. The second is to convince the reader of the
universal applicability of ERG: if a field theoretical model can have a continuous
symmetry, we can formulate it exactly using the ERG formalism. ERG is the second
best after a formalism that realizes the symmetry manifestly with no fine-tuning of
parameters.
Modern development of the renormalization group started with the work of
K. G. Wilson, whose main results on the subject, summarized below, are reviewed
in the well known lecture notes 124):
1. He introduced the exact renormalization group as a non-perturbative framework
in which we can define the continuum limit of a field theory. Given a theory
near criticality, he showed how to construct a massive field theory as a double
limit of criticality and infinite distances.
2. He derived an approximate recursion formula that embodies the renormaliza-
tion group for the real scalar theory in D dimensions, and computed a critical
exponent (the anomalous dimension of the squared mass) by solving the formula
numerically.
3. He, together with M. E. Fisher, devised the epsilon expansions to compute non-
trivial critical exponents in powers of ǫ, the difference of the space dimension
from 4 (or the dimension in which the corresponding critical theory is gaussian).
In addition to these main results Wilson introduced the exact renormalization group
equations in differential form, the principal tools for the symmetry realization in this
review. Many of the results we give in §2 can already be found in §11 of 124). ∗)∗∗)
It took almost ten years before Wilson’s ERG differential equation was taken up
by Polchinski in 94). After modifying the equation to a form suitable for perturbation
theory, Polchinski applied the equation to prove the perturbative renormalizability
of the φ4 theory in 4 dimensions. We base all our discussions of symmetry realization
on Polchinski’s differential equation, since we are primarily interested in perturba-
tion theory. For those interested in Wilson’s original ERG differential equation, we
describe it briefly in Appendix C for the case of a real scalar field.
Let us now recall briefly the basic idea behind Wilson’s exact renormalization
group.∗∗∗) The starting point is a bare action SB, a functional of field variables with
∗) Wilson also predicted that his ERG differential equations would become the basis for most
future work on the renormalization group.
∗∗) Wegner and Houghton introduced an exact renormalization group differential equation inde-
pendently of Wilson.117) The one-particle-irreducible version of the Wegner-Houghton equation was
subsequently derived in 88).
∗∗∗) The equations in this section are given for the purpose of illustration, and they require
modifications to be strictly correct.
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an ultraviolet cutoff Λ0. The correlation of field variables is given by a functional
integral with the weight eSB :
〈φ(p1) · · · φ(pn)〉 =
∫
[dφ]φ(p1) · · ·φ(pn) eSB [φ] . (1.1)
By integrating over the field variables with momentum between Λ0 and Λ < Λ0,
we obtain an equivalent action SΛ, called the Wilson action, that gives the same
correlation functions:
〈φ(p1) · · · φ(pn)〉 =
∫
[dφ]φ(p1) · · ·φ(pn) eSΛ[φ] . (1.2)
The Wilson action SΛ has the ultraviolet cutoff Λ. As we lower Λ, we generate a
flow of equivalent Wilson actions that provide the same correlation functions.∗)
In defining the continuum limit of a field theory, we usually look at the correlation
functions as we raise Λ0 → ∞.∗∗) If the theory is renormalizable, we can give
appropriate Λ0 dependence to the parameters of the bare action SB so that the
correlation functions have a limit as Λ0 →∞:
lim
Λ0→∞
〈φ(p1) · · · φ(pn)〉 . (1.3)
Alternatively, we can look at the Wilson action SΛ at a fixed Λ. SB and SΛ give
the same correlation functions, and if SΛ has a limit as Λ0 → ∞, the correlation
functions must also have a limit. Polchinski used this idea to simplify the proof of
the perturbative renormalizability of the φ4 theory.94)
Polchinski’s work was subsequently developed further. We just mention a few as
examples. An early attempt was made in 115),116) to apply Polchinski’s differential
equation to construct Yang-Mills, chiral, and supersymmetric Yang-Mills theories.
The beta functions of renormalized parameters were derived from the Wilson ac-
tion,57) and the proof of renormalizability in 94) was simplified,72) extended,70), 71)
and given more rigor.10)
Turning now to the subject of symmetry realization, we call a symmetry mani-
fest if it exists in the bare action SB . An example is a continuous linear symmetry,
such as O(N) of N real scalar fields, for which the transformation is linear in the
elementary fields. Another example is the gauge symmetry of the lattice gauge the-
ory, for which the field transformation is highly non-linear. Not all symmetry is
manifest, though: even if the symmetry cannot be realized manifestly, it may exist
in the continuum limit of the theory.
Let us recall that the continuum limit is described fully by the Wilson action.
If a theory has symmetry in its continuum limit, the symmetry must be present
in the Wilson action. This simple reasoning suggests the possibility of formulating
symmetry using the Wilson action in the continuum limit. It is the second goal of
this review to explain this formulation. We introduce two identities:
∗) The precise definition of the Wilson action is given by (2.23), and the Λ independence of the
correlation functions are given by (2.43).
∗∗) Here, we describe the more traditional perturbative definition of renormalizability, not the
non-perturbative definition given in 124). Hence, no rescaling of space is introduced.
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1. the Ward-Takahashi identity (WT identity) (to be discussed in §§5, 6) —
this familiar identity is usually given for the bare action in the case of manifest
symmetry. In general any continuous symmetry, whether linear or non-linear,
can be formulated as the invariance of the Wilson action under an infinitesimal
transformation of field variables. The infinitesimal change is highly non-linear
due to integration of higher momentum modes, giving rise to a non-trivial
jacobian of the transformation. Hence, the Wilson action is invariant only if
the jacobian is taken into account. The WT identity for the Wilson action was
discussed earlier by Becchi in his seminal work on the ERG approach to YM
theories.17)
2. the quantum master equation (to be discussed in §§7, 8, and again in §§10,
11) — we introduce classical external sources that generate the symmetry trans-
formation of fields. For gauge theory, this is quite familiar from the Zinn-Justin
equation satisfied by the effective action.125) The quantum master equation re-
sults from an adaptation of the general Batalin-Vilkovisky formalism16)∗) to the
Wilson action. It is not hard to expect the presence of a rich algebraic struc-
ture in this formulation. In fact, for YM theories we must generalize the WT
identity to the quantum master equation in order to complete the perturbative
proof of the theory’s existence. (§§6.2 and 8.2)
In formulating either the WT identity or the quantum master equation, we
must introduce renormalized parameters to parameterize the radiative corrections
to the field transformation. We must tune not only the parameters of the Wilson
action but also these parameters to satisfy the WT identity or the quantum master
equation. The necessity of giving cutoff dependence on the symmetry transformation
is reminiscent of chiral symmetry on the lattice. There, the symmetry transformation
is not simply specified by the standard γ5 matrix, but by its non-trivial extension that
depends on the Dirac operator as well as lattice spacing. Ginsparg and Wilson47)
found a specific form of the Ward-Takahashi (WT) identity for the presence of a
lattice chiral symmetry.79) In §6.5 we derive an analogous identity in the ERG
framework.62)
As we will explain in §2.4, there is an alternative way of introducing the Wilson
action SΛ. Instead of SB, we start with a bare action SB,Λ not only with an UV
cutoff Λ0 but also an IR cutoff Λ. The Wilson action can be defined as the generating
functional of the connected correlation functions of SB,Λ. We can then introduce the
effective average action ΓB,Λ as the Legendre transform of SΛ, or the generating
functional of 1PI correlation functions. Symmetry of the continuum limit can be
formulated using ΓB,Λ instead of SΛ. For YM theories, this approach was initiated by
Ellwanger.40), 41) The corresponding WT identity is called the modified Slavnov-
Taylor (ST) identity, because this identity approaches the Slavnov-Taylor identity
or the Jinn-Zustin equation as Λ → 0. In the modified ST identity, the jacobian of
the symmetry transformation contains the inverse of the second-order differential
of ΓB,Λ. This makes the perturbative analysis of the modified ST identity a little
more complicated than that of the WT identity. For this reason we use the WT
∗) We recommend 49),51) as reviews on the BV formalism.
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identity and the corresponding quantum master equation in this review; we explain
the modified ST identity only briefly in §10.5 and Appendix D. For a review of the
modified ST identity, we refer the reader to one of the references we will cite toward
the end of this introduction.
This review consists of three main parts. Assuming that most of the readers are
not familiar with the exact renormalization group or Polchinski’s differential equa-
tions, we give a detailed introduction to the technique before starting its application
to symmetry realization. Except in §§2, 10, we treat theories perturbatively. The
review is organized as follows.
Part I consists of §§2, 3, and 4. In section 2, we define the Wilson action SΛ
and derive the ERG differential equation (Polchinski equation) that gives the Λ
dependence of SΛ. Primarily for notational simplicity, we take a real scalar field
theory as a generic example. We then introduce the effective average action as
the Legendre transform of the Wilson action. The Λ dependence of the effective
average action is given by the Wetterich equation, widely used for non-perturbative
applications of ERG. The diagrammatic interpretation of these two flow equations
are given for more insights. In §3, we define perturbative renormalizability in terms
of a Wilson action. A renormalizable theory is characterized by the behavior of the
Wilson action for the cutoff Λ, large compared with the momenta carried by the field
variables. In §4, we introduce “composite operators.” Following Becchi,17) we give
a specific meaning to the composite operators, more than an arbitrary functional of
field variables. The composite operators play essential roles in our later discussions
of symmetry realization: the presence of symmetry amounts to the vanishing of a
certain composite operator.
Part II consists of §§5 through 9. In the ordinary treatment of a field theory,
the presence of continuous symmetry is expressed as the Ward-Takahashi (WT)
identity. In §5, we derive the corresponding relation satisfied by the Wilson action.
This relation is expressed as the vanishing of the WT composite operator, given as
the sum of the change of the Wilson action under an infinitesimal transformation and
the jacobian of the transformation. We provide several examples of the formalism in
§6: QED, YM theories, the Wess-Zumino model, the O(N) non-linear sigma model
in two dimensions, and fermionic systems with an axial symmetry. The discussions
in §§5 & 6 have a serious shortcoming: the field transformations for the WT identity
are applied only once, and they lack an algebraic structure. Particularly for YM
theories, the BRST transformation for the Wilson action lacks nilpotency, and as a
result we cannot prove the possibility of satisfying the WT identity by fine-tuning the
parameters of the theory. To circumvent this difficulty, we extend the WT identity
by introducing classical sources that generate the symmetry transformations. The
discussion in §7 emphasizes the practical aspect of the formalism, and it is developed
only to the extent necessary for the concrete application to YM theories in §8.2. In
§9 we apply the formalism of §5 to the axial and chiral anomalies. The discussions
are quite limited: we discuss only abelian gauge theories up to 1-loop.
Part III consists of §§10 and 11. We adapt the general formalism of Batalin and
Vilkovisky to an arbitrary bare action with an UV cutoff and its Wilson action. To
emphasize the generality of the framework, we adopt a matrix notation that handles
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bosonic and fermionic fields equally. We show how naturally the Batalin-Vilkovisky
formalism applies to the Wilson action. Contrary to §§7 & 8, we do not base our
discussions on loop expansions, but we use a general functional method of §2.
Throughout this review we work on the euclidean space with D dimensions,
where D may be specified in concrete models. We use the notation∫
q
≡
∫
dDq
(2π)D
(1.4)
for integrals over momenta.
Please be warned that this review is by no means a comprehensive review of the
exact renormalization group approach to field theory. In the main text we cite only
those references that are relevant to symmetry realization and that happen to be
familiar to us. We owe an apology to those whose contributions deserve citations in
a better researched review article.
Before closing the introductory section, however, we would like to give refer-
ences on the aspects of ERG that may not be directly relevant to this review; this
may help the reader broadening his perspective. The exact renormalization group
equation of Wilson and that of Wegner & Houghton were introduced originally for
non-perturbative studies, and accordingly there have been many such applications.
Most non-perturbative studies use an approximation called the local potential
approximation (LPA), where only the local potential part of the Wilson action
transforms under ERG.89)50)80)11)3)–5) The analytic properties of the LPA have only
recently been studied.21), 22) General classes of approximations to the ERG differen-
tial equation have been introduced in 48).
The ERG differential equation for the effective average action ΓB,Λ is now com-
monly called the Wetterich equation,88)123)122)81)24) which we will derive in §2.4. The
added note to 81), where the relation between the Polchinski and Wetterich equa-
tions was clarified, has a short but careful analysis of the history of the Wetterich
equation. For numerical works, Wetterich’s equation is known to have better con-
vergence properties than Polchinski’s.113)1) See Refs. 18),19) for the state-of-the-art
calculations of the critical exponents for the O(N) linear sigma model. The equiva-
lence between the LPA for Polchinski’s and that for Wetterich’s has been shown in
85).
As for applications of ERG to gauge theories, there have been two other ap-
proaches besides the WT identity and its extension explained in this review:
1. Manifestly gauge invariant ERG formalism for YM theories have been intro-
duced by Morris, Rosten, and their collaborators.83), 84)7)8), 86)87)101)99)100)
2. The background field method has been incorporated within the ERG frame-
work.96)44)43), 78)33), 45)
ERG has also been applied to quantum gravity, and a possible scenario for asymptotic
safety has been proposed74), 98).76)
Finally, we give references to the review articles that complement the present
review: Morris,82) Litim,77) Aoki,2) Bagnuls & Bervillier,9) Berges, Tetradis, and
Wetterich,20) Polonyi,95) and Pawlowski.90) Especially, we recommend the pedagog-
ical review on the functional RG and gauge theories by Gies.46) For applications of
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ERG to condensed matter physics, we recommend Shankar,105) Fisher42) (on RG in
general), Salmhofer,103) and Delamotte.39)
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Fig. 1. Cutoff function — (a) satisfying 2, (b) satisfying 2′ but not 2.
§2. Derivation of the ERG differential equations
2.1. Splitting fields into high and low momentum modes
As a generic case, we consider a real scalar theory defined by a bare action
SB ≡ −1
2
∫
p
p2 +m2
K (p/Λ0)
φ(p)φ(−p) + SI,B[φ] , (2.1)
where K is a cutoff function, for which we demand the following properties:
1. K(p/Λ) is a smooth non-increasing positive function of p2/Λ2.
2. K(p/Λ) is 1 for p2/Λ2 < 1.
3. K(p/Λ) damps sufficiently fast as p2/Λ2 →∞.
(See Fig. 1(a).) Hence, K (p/Λ0) is small for p
2 > Λ20, and the high momentum
modes are suppressed by the large gaussian term. Λ0 is the UV cutoff of the theory,
but the high momentum modes of φ are not cut off abruptly at Λ0: the smoothness
of K (p/Λ0) for p
2/Λ20 > 1 gives rise to smooth damping of the modes p
2 > Λ20.
The regularization in terms of a smooth cutoff function K generalizes regular-
ization in terms of higher order derivatives which corresponds to a choice of a finite
order polynomial:
1
K (p/Λ0)
= 1 +
N∑
n=1
an
(
p2
Λ20
)n
. (2.2)
With N finite, this cannot satisfy the second property
−p2 d
dp2
K (p/Λ) = 0 (p2 < Λ2) (2.3)
that assures the locality of the differential equation for the exact renormalization
group. We usually assume 2 for locality. (See sect. 2.3.) But it is sometimes
necessary to keep K strictly less than 1 except at p = 0; for example in §2.4, we need
that division by 1−K (p/Λ) make sense. We can replace 2 by
2′. K(0) = 1.
(See Fig. 1(b).) For practical calculations the condition 2 is often replaced by 2′.
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Let us give some concrete examples of the cutoff function. One popular choice
for numerical calculations is that of Litim:75)
K(p/Λ) =
{
1− p2/Λ2 (p2 < Λ2) ,
0 (p2 > Λ2) .
(2.4)
This satisfies 1, 2′, and 3, but not 2. The gaussian function
K (p/Λ) = exp(−p2/Λ2) (2.5)
also satisfies only 1, 2′, and 3. One example, satisfying 1, 2, and 3, is
K (p/Λ) =
{
1 (p2 < Λ2) ,
1− exp
[
−
(
Λ2
p2−Λ2
)n]
(p2 > Λ2) ,
(2.6)
where n is a big enough positive number for UV convergence. (For the scalar theory
in D = 4, we can take n = 2, for example.) The step function, first used in 117),
K (p/Λ) = θ(1− p2/Λ2) ≡
{
1 (p2 < Λ2)
0 (p2 > Λ2)
(2.7)
is not smooth, but is often convenient for practical calculations, especially for analytic
calculations.
We should remark that the choice of K is unimportant theoretically; in Ap-
pendix B on universality we will show that a different choice of K merely amounts
to reparameterization and renormalization of fields.
2.1.1. Functional integrals without a source
All the momentum modes p2 < Λ20 contribute to the vacuum functional integral
ZB ≡
∫
[dφ] exp [SB[φ]]
=
∫
[dφ] exp
[
−1
2
∫
p
p2 +m2
K (p/Λ0)
φ(p)φ(−p) + SI,B[φ]
]
, (2.8)
where the contribution of the modes p2 > Λ20 are suppressed by the cutoff function.
We would like to split φ(p) into the high and low momentum modes
φ(p) = φh(p) + φl(p) , (2.9)
so that, roughly speaking, φh contains the momentum modes Λ
2 < p2 < Λ20, where Λ
is an arbitrarily chosen momentum scale, and φl contains the low momentum modes
p2 < Λ2. To be more precise, in what follows we will obtain the splitting formula
ZB =
∫
[dφl][dφh] exp
[
−1
2
∫
p
p2 +m2
K(p/Λ)
φl(p)φl(−p)
−1
2
∫
p
p2 +m2
K(p/Λ0)−K(p/Λ)φh(p)φh(−p) + SI,B [φh + φl]
]
. (2.10)
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The propagator of φl is the low momentum propagator
K (p/Λ)
p2 +m2
, (2.11)
while that of φh is the high momentum one
K (p/Λ0)−K (p/Λ)
p2 +m2
. (2.12)
The original propagator
K (p/Λ0)
p2 +m2
(2.13)
of φ = φh + φl is reproduced as their sum.
The splitting of φ into high and low momentum modes is an example of the
following general formula:∫
[dφ] exp
[
−1
2
∫
p
1
A(p) +B(p)
φ(−p)φ(p) + SI,B[φ]
]
=
∫
[dφ1][dφ2] exp
[
− 1
2
∫
p
1
A(p)
φ1(−p)φ1(p)− 1
2
∫
p
1
B(p)
φ2(−p)φ2(p)
+SI,B[φ1 + φ2]
]
, (2.14)
where A and B are both non-negative functions of p2. By choosing
A(p) = K (p/Λ0)−K (p/Λ) , B(p) = K (p/Λ) , (2.15)
we obtain (2.10) from (2.14). By applying (2.14) multiple times, we obtain∫
[dφ] exp
[
−1
2
∫
p
1∑n
i=1Ai(p)
φ(−p)φ(p) + SI,B[φ]
]
=
∫
[dφ1] · · · [dφn] exp
[
−1
2
n∑
i=1
∫
p
1
Ai(p)
φi(−p)φi(p) + SI,B
[
n∑
i=1
φi
]]
. (2.16)
For example, we can choose
Ai(p) = K (p/Λi−1)−K (p/Λi) , (2.17)
where
Λ0 > Λ1 > · · · > Λn−1 > Λn = 0 . (2.18)
Let us now prove (2.14). It is easier to go from the right-hand side to the left.
Writing
φ = φ1 + φ2 , φ
′ = φ2 − B
A+B
φ , (2.19)
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we obtain
−1
2
∫
p
1
A(p)
φ1(−p)φ1(p)− 1
2
∫
p
1
B(p)
φ2(−p)φ2(p) + SI,B[φ1 + φ2]
= −1
2
∫
p
1
A+B
φ(−p)φ(p)− 1
2
∫
p
(
1
A
+
1
B
)
φ′(−p)φ′(p) + SI,B[φ] . (2.20)
Since the jacobian for the change of variables from φ1, φ2 to φ, φ
′ is unity, we obtain
∫
[dφ] exp
[
− 1
2
∫
p
1
A
φ1φ1 − 1
2
∫
p
1
B
φ2φ2 + SI,B[φ1 + φ2]
]
=
∫
[dφ] exp
[
−1
2
∫
p
1
A+B
φ(−p)φ(p) + SI,B[φ]
]
×
∫
[dφ′] exp
[
−1
2
∫
p
(
1
A
+
1
B
)
φ′(−p)φ′(p)
]
. (2.21)
The gaussian integral over φ′ can be regarded as unity∫
[dφ′] exp
[
−1
2
∫
p
(
1
A
+
1
B
)
φ′(−p)φ′(p)
]
= 1 , (2.22)
if we disregard a constant factor, the exponential of an additive constant proportional
to the volume of the entire space. Hence, we obtain (2.14), and consequently (2.10).
We now define SI,Λ, the interaction part of the Wilson action, by
exp [SI,Λ[φ]] ≡
∫
[dφ′] exp
[
−1
2
∫
p
p2 +m2
K0(p)−K(p)φ
′(p)φ′(−p) + SI,B[φ+ φ′]
]
,
(2.23)
where we have used a short hand notation
K0(p) ≡ K (p/Λ0) , K(p) ≡ K (p/Λ) . (2.24)
Defining the full Wilson action by
SΛ[φ] ≡ −1
2
∫
p
p2 +m2
K (p/Λ)
φ(−p)φ(p) + SI,Λ[φ] , (2.25)
we obtain ZB as the functional integral of the full Wilson action
ZB =
∫
[dφ] exp [SΛ[φ]] . (2.26)
We have thus shown that as far as the vacuum functional integral ZB is concerned,
the bare action SB with cutoff Λ0 can be replaced by a Wilson action SΛ with an
arbitrary cutoff Λ < Λ0. In the next subsection, we wish to show that this equivalence
goes further: SΛ and SB give the same correlation functions of the fields.
The transformation from SB to SΛ is called an exact renormalization group
(ERG) transformation. The word “exact” is a mnemonic for no loss of information.
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2.2. Functional integrals with a source
We consider the generating functional WB[J ] of connected correlation functions:
exp [WB[J ]] ≡
∫
[dφ] exp
[
SB [φ] +
∫
p
J(−p)φ(p)
]
. (2.27)
Similarly, we consider
exp [WΛ[J ]] ≡
∫
[dφ] exp
[
SΛ[φ] +
∫
p
J(−p)φ(p)
]
(2.28)
for the Wilson action. In the following we wish to show that WB andWΛ are related
as
WB [J ] =WΛ
[
K0
K
J
]
− 1
2
∫
p
K0 −K
p2 +m2
K0
K
J(−p)J(p) , (2.29)
where we have used the short hand notation (2.24), omitting the momentum variable
p. This relation implies that the correlation functions of the bare theory can be
calculated using the Wilson action.
To derive (2.29), we first define
SB[φ;J ] ≡ −1
2
∫
p
p2 +m2
K0
φ(p)φ(−p) + SI,B[φ;J ] , (2.30)
where
SI,B[φ;J ] ≡ SI,B[φ] +
∫
p
J(−p)φ(p) (2.31)
is a bare action that has a linear coupling to the classical external field J . By
definition we obtain
exp [WB [J ]] =
∫
[dφ] exp [SB [φ;J ]] . (2.32)
Let us now call the corresponding Wilson action by SΛ[φ;J ] and its interaction part
by SI,Λ[φ;J ]. Then, from the result of the previous section, we obtain
exp [WB [J ]] =
∫
[dφ] exp [SΛ[φ;J ]] . (2.33)
We obtain (2.29) by working out SΛ[φ;J ], as we will show below.
From the definition (2.23) of a Wilson action, we obtain
exp [SI,Λ[φ;J ]] ≡
∫
[dφ′] exp
[
−1
2
∫
p
p2 +m2
K0 −Kφ
′φ′ + SI,B[φ+ φ
′;J ]
]
=
∫
[dφ′] exp
[
−1
2
∫
p
p2 +m2
K0 −Kφ
′φ′ + SI,B[φ+ φ
′] +
∫
J(φ+ φ′)
]
. (2.34)
We can rewrite this as
exp [SI,Λ[φ;J ]] =
∫
[dφ′] exp
[
−1
2
∫
p
p2 +m2
K0 −K
(
φ′ − K0 −K
p2 +m2
J
)(
φ′ − K0 −K
p2 +m2
J
)
+SI,B[φ+ φ
′] +
∫
Jφ+
1
2
∫
K0 −K
p2 +m2
JJ
]
. (2.35)
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Now, shifting φ′, we obtain
exp [SI,Λ[φ;J ]] =
∫
[dφ′] exp
[
−1
2
∫
p
p2 +m2
K0 −Kφ
′φ′
+SI,B
[
φ+
K0 −K
p2 +m2
J + φ′
]
+
∫
Jφ+
1
2
∫
K0 −K
p2 +m2
JJ
]
= exp
[
SI,Λ
[
φ+
K0 −K
p2 +m2
J
]
+
∫
Jφ+
1
2
∫
K0 −K
p2 +m2
JJ
]
. (2.36)
This implies an important intermediate result
SI,Λ[φ;J ] = SI,Λ
[
φ+
K0 −K
p2 +m2
J
]
+
∫
p
J(−p)φ(p)+ 1
2
∫
p
K0 −K
p2 +m2
J(−p)J(p) , (2.37)
that the dependence on J is given mostly by the shift of φ proportional to J . If
J couples non-linearly to the field in the bare action, however, there is no simple
formula like this for the J dependence of the Wilson action.
Now, using (2.37), we can compute WB [J ] as follows:
exp [WB[J ]] =
∫
[dφ] exp [SΛ[φ;J ]] =
∫
[dφ] exp
[
−1
2
∫
p
p2 +m2
K
φφ
+SI,Λ
[
φ+
K0 −K
p2 +m2
J
]
+
∫
Jφ+
1
2
∫
K0 −K
p2 +m2
JJ
]
. (2.38)
Changing the variable from φ(p) to
φ′(p) ≡ φ(p) + K0 −K
p2 +m2
J(p) , (2.39)
we obtain the desired relation (2.29):
exp [WB[J ]] =
∫
[dφ′] exp
[
SΛ[φ
′] +
∫
K0
K
Jφ′ − 1
2
∫
K0 −K
p2 +m2
K0
K
JJ
]
= exp
[
WΛ
[
K0
K
J
]
− 1
2
∫
K0 −K
p2 +m2
K0
K
JJ
]
. (2.40)
In fact we can go backward: given (2.29), we can derive the definition (2.23) of the
Wilson action. Thus, (2.23) and (2.29) are equivalent. We postpone the derivation
of (2.23) from (2.29) till §4.
Let us now derive the consequences of the relation (2.29). WB and WΛ are
the generating functionals of connected correlation functions, which we denote by
brackets:
〈φ(p1) · · ·φ(pn)〉SB (2π)Dδ(D)(p1 + · · ·+ pn) ≡
n∏
i=1
δ
δJ(−pi) ·WB [J ]
∣∣∣
J=0
, (2.41)
〈φ(p1) · · · φ(pn)〉SΛ (2π)Dδ(D)(p1 + · · ·+ pn) ≡
n∏
i=1
δ
δJ(−pi) ·WΛ[J ]
∣∣∣
J=0
. (2.42)
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Then, (2.29) implies{
〈φ(p)φ(−p)〉SB =
K20
K2 〈φ(p)φ(−p)〉SΛ − K0−Kp2+m2 K0K ,
〈φ(p1) · · · φ(pn)〉SB =
∏n
i=1
K0(pi)
K(pi)
· 〈φ(p1) · · · φ(pn)〉SΛ ,
(2.43)
where n > 2. Hence, the correlation functions of the bare action are completely
determined by those of the Wilson action. We do not miss any physics by reducing
the momentum cutoff from Λ0 to Λ, as long as K(p/Λ) is a smooth non-vanishing
function so that the inverse 1/K(p/Λ) makes sense for all momenta.
2.3. Polchinski equation
The Wilson action SΛ is obtained from the bare action SB by integrating over
the momenta between Λ and Λ0. We wish to consider the change of the Wilson
action under an infinitesimal change of Λ, and express the result as a differential
equation.
We first recall the precise definition of the Wilson action (2.23):
exp [SI,Λ[φ]] ≡
∫
[dφ′] exp
[
−1
2
∫
p
p2 +m2
K0 −Kφ
′(p)φ′(−p) + SI,B[φ+ φ′]
]
. (2.44)
In deriving the Polchinski equation, it is convenient to write φ′ for φ′ + φ to rewrite
exp [SI,Λ[φ]] ≡
∫
[dφ′] exp
[
−1
2
∫
p
p2 +m2
K0 −K (φ
′ − φ)(p)(φ′ − φ)(−p) + SI,B[φ′]
]
.
(2.45)
Differentiating the above with respect to Λ, we obtain
−Λ ∂
∂Λ
exp [SI,Λ[φ]] =
1
2
∫
[dφ′]
∫
p
p2 +m2
K0 −K
∆(p/Λ)
K0 −K (φ
′ − φ)(p)(φ′ − φ)(−p)
× exp
[
−1
2
∫
p
p2 +m2
K0 −K (φ
′ − φ)(p)(φ′ − φ)(−p) + SI,B[φ′]
]
, (2.46)
where we have defined
∆(p/Λ) ≡ −2p2 ∂
∂p2
K (p/Λ) = Λ
∂
∂Λ
K (p/Λ) . (2.47)
The sketch of ∆(p/Λ) is given in Fig. 2, showing a peak just above p2 = Λ2, and
vanishing for p2 < Λ2 if the property 2 is assumed for K.∗) We now compare the
Λ-derivative with the second order functional derivative with respect to φ. The first
order derivative is
δ
δφ(p)
exp [SI,Λ[φ]] =
p2 +m2
K0 −K
∫
[dφ′](φ′ − φ)(−p)
× exp
[
−1
2
∫
q
q2 +m2
K0 −K (φ
′ − φ)(q)(φ′ − φ)(−q) + SI,B[φ′]
]
. (2.48)
∗) If only 2′ is assumed for K, the function ∆(p/Λ) vanishes at p = 0, but is non-vanishing for
p2 < Λ2.
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p20 1 Λ2
(p/   )Λ∆
Fig. 2. ∆(p/Λ) ≡ −2p2 ∂K(p/Λ)
∂p2
vanishes for p2 < Λ2 if K (p/Λ) = 1 for p2 < Λ2.
In differentiating this further with respect to φ(−p), we ignore differentiating φ(−p)
in front of the exponential, since it would generate merely an additive constant to
∂SI,Λ/∂Λ, independent of φ.
∗) We then obtain
δ2
δφ(−p)δφ(p) exp [SI,Λ[φ]] =
(
p2 +m2
K0 −K
)2 ∫
[dφ′](φ′ − φ)(−p) (φ′ − φ) (p)
× exp
[
−1
2
∫
q
q2 +m2
K0 −K (φ
′ − φ)(q)(φ′ − φ)(−q) + SI,B[φ′]
]
. (2.49)
Hence, comparing this with (2.46), we obtain the differential equation
−Λ ∂
∂Λ
exp [SI,Λ[φ]] =
1
2
∫
p
∆(p/Λ)
p2 +m2
δ2
δφ(p)δφ(−p) exp [SI,Λ[φ]] . (2
.50)
Rewriting this for SI,Λ, we get
−Λ ∂
∂Λ
SI,Λ[φ] =
1
2
∫
p
∆(p/Λ)
p2 +m2
{
δSI,Λ[φ]
δφ(−p)
δSI,Λ[φ]
δφ(p)
+
δ2SI,Λ[φ]
δφ(−p)δφ(p)
}
. (2.51)
This is called the Polchinski differential equation.94)
If we assume property 2, K (p/Λ) = 1 for p2 < Λ2, then
∆(p/Λ) = 0 for p2 < Λ2 . (2.52)
This implies that the deformation of the Wilson action is restricted to the momentum
region p2 > Λ2. It is in this sense that we call the ERG transformation local. If
only 2′ is satisfied, we may still call the ERG transformation “almost local.”
In the above we have derived the Polchinski differential equation starting from
the definition (2.23) of the Wilson action. Note that (2.23) in fact gives an integral
formula for the solution of the differential equation under the initial condition
SI,Λ
∣∣∣
Λ=Λ0
= SI,B . (2.53)
Finally let us rewrite the Polchinski equation for the full action
SΛ[φ] = −1
2
∫
p
p2 +m2
K (p/Λ)
φ(−p)φ(p) + SI,Λ[φ] . (2.54)
∗) The constant is proportional to the volume of the entire space (2pi)Dδ(D)(0).
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p20 1 Λ2 p
20 1 Λ2
(a) (b)
1 1
Fig. 3. Sketch of 1
K0−K
. (a) If K (p/Λ) = 1 for p2 < Λ2, this is infinite for p2 < Λ2. (b) If
K (p/Λ) < 1 for p2 < Λ2, it diverges only at p = 0.
It is straightforward to obtain
−Λ ∂
∂Λ
SΛ[φ] (2.55)
=
∫
p
∆(p/Λ)
p2 +m2
[
p2 +m2
K (p/Λ)
φ(p)
δSΛ[φ]
δφ(p)
+
1
2
{
δSΛ[φ]
δφ(−p)
δSΛ[φ]
δφ(p)
+
δ2SΛ[φ]
δφ(−p)δφ(p)
}]
.
2.4. Wetterich equation
The purpose of this subsection is to derive what is commonly called the Wetterich
equation,88)123)122)81)24) a counterpart of the Polchinski equation (2.51).∗) Even
though almost all our discussions on symmetry are done with the Wilson action that
satisfies the Polchinski equation, we would like to dedicate a whole subsection on the
Wetterich equation, because most non-perturbative numerical works deal with the
Wetterich equation instead of the Polchinski equation.
We introduce an action
SB,Λ[φ] ≡ −1
2
∫
p
p2 +m2
K0 −Kφ(−p)φ(p) + SI,B[φ] , (2
.56)
which is obtained from the bare action SB by the following replacement of the gaus-
sian term:
p2 +m2
K (p/Λ0)
−→ p
2 +m2
K (p/Λ0)−K (p/Λ) . (2
.57)
With the weight exp[SB], φ(p) of all momenta p
2 < Λ20 contribute to the functional
integral. With the above replacement, however, the main contribution comes from
those high momentum modes φ(p) with Λ2 < p2 < Λ20. (See Fig. 3.) Hence, SB,Λ
has Λ as the IR cutoff and Λ0 as the UV cutoff. Taking the difference between SB,Λ
and SB, we can also write
SB,Λ[φ] = SB [φ]− 1
2
∫
p
RΛ(p)φ(p)φ(−p) , (2.58)
∗) See the added note of 81) for a historical perspective on this equation.
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where we define
RΛ(p) ≡ (p2 +m2)
(
1
K0 −K −
1
K0
)
= (p2 +m2)
K
K0(K0 −K) . (2
.59)
In the limit Λ→ 0+, K and hence RΛ vanish, and we obtain the bare action:
lim
Λ→0+
SB,Λ = SB . (2.60)
Throughout §2.4, we will assume
K (p/Λ) < 1 for 0 < p2 < Λ2 . (2.61)
This is necessary so that
K (p/Λ0)−K (p/Λ) 6= 0 (2.62)
except at p = 0 and p→∞. Then the division by K (p/Λ0)−K (p/Λ) makes sense.
We will do the following in the remainder of §2.4: we
1. introduce the generating functional WB,Λ of SB,Λ by (2.63), and define its Leg-
endre transform ΓB,Λ by (2.65) and (2.66),
2. show WB,Λ is essentially the Wilson action SΛ as given by (2.79), and derive
the relation between SΛ and ΓB,Λ as given by (2.84) and (2.85),
3. derive the Wetterich equation (2.108), giving the Λ dependence of the interac-
tion part of ΓB,Λ.
2.4.1. Introducing WB,Λ and ΓB,Λ
Let us first define the generating functional WB,Λ of SB,Λ by
exp [WB,Λ[J ]] ≡
∫
[dφ] exp
[
SB,Λ[φ] +
∫
p
J(−p)φ(p)
]
. (2.63)
Note
lim
Λ→0
WB,Λ =WB . (2.64)
For Λ > 0, WB,Λ differs from both WB and WΛ. Recall that WΛ, the generating
functional of the Wilson action SΛ, is essentially the same as WB, as has been shown
in subsect. 2.2.
We then define its Legendre transform, called the effective average action,
by
ΓB,Λ[Φ] ≡WB,Λ[J ]−
∫
p
J(−p)Φ(p) , (2.65)
where J is determined by the condition
δWB,Λ[J ]
δJ(−p) = Φ(p) (2
.66)
as a functional of Φ. From the general properties of Legendre transformations, we
can immediately conclude the following:
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(a) We can obtain WB,Λ as the inverse Legendre transform of ΓB,Λ:
WB,Λ[J ] = ΓB,Λ[Φ] +
∫
p
J(−p)Φ(p) , (2.67)
where Φ is determined by
δΓB,Λ[Φ]
δΦ(p)
= −J(−p) (2.68)
as a functional of J .
(b) (2.66) and (2.68) give
δΦ(p)
δJ(q)
=
δ2WB,Λ[J ]
δJ(−p)δJ(q) , (2
.69)
and
δJ(q)
δΦ(p)
= − δ
2ΓB,Λ[Φ]
δΦ(−q)δΦ(p) . (2
.70)
(c) The above are the inverse of each other, and we obtain
∫
r
δ2WB,Λ[J ]
δJ(−p)δJ(r)
δ2ΓB,Λ[Φ]
δΦ(−r)δΦ(q) = −(2π)
Dδ(D)(p− q) , (2.71)
and ∫
r
δ2ΓB,Λ[Φ]
δΦ(−p)δΦ(r)
δ2WB,Λ[J ]
δJ(−r)δJ(q) = −(2π)
Dδ(D)(p− q) . (2.72)
(d) Given an infinitesimal change∆WB,Λ[J ], the corresponding infinitesimal change
of ΓB,Λ[Φ] satisfies
∆ΓB,Λ[Φ] = ∆WB,Λ[J ] (2.73)
where Φ is related to J by (2.66). (Quick proof) By definition (suppressing the
subscript B,Λ), we obtain
(Γ +∆Γ ) [Φ+∆Φ] = (W +∆W ) [J ]−
∫
J · (Φ+∆Φ) , (2.74)
where
δ(W +∆W )[J ]
δJ(−p) = Φ(p) +∆Φ(p) . (2
.75)
Hence,
∆Γ [Φ] +
∫
δΓ
δΦ
∆Φ = ∆W [J ]−
∫
J ·∆Φ . (2.76)
From (2.68), the terms proportional to ∆Φ cancel, and we obtain (2.73).
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2.4.2. RelatingWB,Λ to SΛ, and deriving the Legendre transformation between ΓB,Λ
and SΛ
The relation between the Wilson action SΛ and the effective average action ΓB,Λ
was first derived by T. Morris.81) We reproduce his results in the following.
Our first task is to derive the relation of the generating functional WB,Λ and the
Wilson action SΛ. Using (2.56) and (2.63), we obtain
exp [WB,Λ[J ]] =
∫
[dφ] exp
[
−1
2
∫
p
p2 +m2
K0 −Kφ(−p)φ(p) + SI,B[φ] +
∫
p
J(−p)φ(p)
]
.
(2.77)
From the definition (2.34) of SI,Λ[φ;J ], we find
WB,Λ[J ] = SI,Λ[0;J ]
= SI,Λ
[
K0 −K
p2 +m2
J
]
+
1
2
∫
p
K0 −K
p2 +m2
J(−p)J(p) . (2.78)
where we have used the intermediate result (2.37). Using the definition (2.25) of the
full Wilson action SΛ, this can be rewritten as
WB,Λ[J ] = SΛ
[
K0 −K
p2 +m2
J
]
+
1
2
∫
p
K0 −K
p2 +m2
K0
K
J(−p)J(p) . (2.79)
Thus, we find that the Wilson action SΛ is basically the generating functional for the
action SB,Λ. Especially in the limit Λ→ 0+, where K vanishes, and WB,Λ becomes
WB , we obtain
lim
Λ→0+
SI,Λ
[
K0
p2 +m2
J
]
=WB [J ]− 1
2
∫
p
K0
p2 +m2
J(−p)J(p) . (2.80)
Namely, in the Λ→ 0+ limit, the interaction part of the Wilson action becomes that
of the generating functional WB.
We now use the above result to express ΓB,Λ in terms of SΛ. Substituting (2.79)
into (2.65), we obtain
ΓB,Λ[Φ] =
1
2
∫
p
K0 −K
p2 +m2
K0
K
JJ + SΛ
[
K0 −K
p2 +m2
J
]
−
∫
p
JΦ , (2.81)
where
Φ(p) =
K0 −K
p2 +m2
[
K0
K
J(p) +
δSΛ[φ]
δφ(−p)
∣∣∣
φ=
K0−K
p2+m2
J
]
. (2.82)
It is more convenient to use
φ(p) ≡ K (p/Λ0)−K (p/Λ)
p2 +m2
J(p) (2.83)
as field variables instead of J . We then obtain81)
ΓB,Λ[Φ] = SΛ[φ] +
∫
p
p2 +m2
K0 −K
(
1
2
K0
K
φ(p)φ(−p)− Φ(p)φ(−p)
)
, (2.84)
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where
Φ(p) =
K0
K
φ(p) +
K0 −K
p2 +m2
δSΛ[φ]
δφ(−p) . (2
.85)
Conversely, by regarding SΛ[φ] as the Legendre transform of ΓB,Λ[Φ], we obtain
φ(p) = −K0 −K
p2 +m2
δΓB,Λ[Φ]
δΦ(−p) . (2
.86)
Let us now rewrite the above three equations using SI,Λ[φ] and the interaction part
of ΓB,Λ, defined by
ΓI,B,Λ[Φ] ≡ ΓB,Λ[Φ] + 1
2
∫
p
p2 +m2
K0 −KΦ(−p)Φ(p) . (2
.87)
First, we can rewrite (2.84) as
ΓI,B,Λ[Φ] = SI,Λ[φ] +
1
2
∫
p
p2 +m2
K0 −K (Φ− φ) (−p) (Φ− φ) (p) . (2
.88)
Then, (2.85) gives
Φ(p) = φ(p) +
K0 −K
p2 +m2
δSI,Λ[φ]
δφ(−p) , (2
.89)
and (2.86) gives
φ(p) = Φ(p)− K0 −K
p2 +m2
δΓI,B,Λ[Φ]
δΦ(−p) . (2
.90)
Thus, we obtain
δSI,Λ[φ]
δφ(−p) =
δΓI,B,Λ[Φ]
δΦ(−p) . (2
.91)
Differentiating (2.89) with respect to φ(q), we obtain
δΦ(p)
δφ(q)
= (2π)Dδ(D)(p − q) + K0 −K
p2 +m2
δ2SI,Λ[φ]
δφ(−p)δφ(q) , (2
.92)
and differentiating (2.90) with respect to Φ(q), we obtain
δφ(p)
δΦ(q)
= (2π)Dδ(D)(p − q)− K0 −K
p2 +m2
δ2ΓI,B,Λ[Φ]
δΦ(−p)δΦ(q)
= −K0 −K
p2 +m2
Γ
(2)
B,Λ(p,−q) , (2.93)
where we define
Γ
(2)
B,Λ(p,−q) ≡
δ2ΓB,Λ[Φ]
δΦ(−p)δΦ(q) . (2
.94)
Since ∫
q
δΦ(p)
δφ(q)
δφ(q)
δΦ(r)
= (2π)Dδ(D)(p− r) , (2.95)
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we obtain ∫
q
δΦ(p)
δφ(q)
(−)K0 −K
q2 +m2
Γ
(2)
B,Λ(q,−r) = (2π)Dδ(D)(p − r) . (2.96)
Hence, defining
(
Γ
(2)
B,Λ
)−1
(p,−q) ≡ −δΦ(p)
δφ(q)
K0 −K
q2 +m2
= −(2π)Dδ(D)(p − q)K0 −K
p2 +m2
−K0 −K
p2 +m2
δ2SI,Λ[φ]
δφ(−p)δφ(q)
K0 −K
q2 +m2
, (2.97)
where we have used (2.92), we obtain∫
q
(
Γ
(2)
B,Λ
)−1
(p,−q)Γ (2)B,Λ(q,−r) = (2π)Dδ(D)(p− r) . (2.98)
This justifies our notation (2.97).
Before deriving the Wetterich equation, let us consider the two limits of ΓI,B,Λ
as Λ→ Λ0 − 0 or Λ→ 0+.
(i) Λ → Λ0 − 0 limit — From (2.89), we obtain Φ = φ, and combining this with
(2.88) gives
lim
Λ→Λ0
ΓI,B,Λ = lim
Λ→Λ0
SI,Λ = SI,B . (2.99)
(ii) Λ→ 0+ limit — (2.60) implies
lim
Λ→0+
ΓB,Λ = ΓB , (2.100)
where ΓB is the effective action for the bare action.
∗) Defining the interaction
part of ΓB such that
ΓB [Φ] ≡ −1
2
∫
p
p2 +m2
K0
Φ(−p)Φ(p) + ΓI,B[Φ] , (2.101)
we obtain
lim
Λ→0+
ΓI,B,Λ = ΓI,B . (2.102)
Thus, ΓI,B,Λ (Λ0 > Λ > 0) interpolates between the bare action SI,B and its effective
action ΓI,B. In contrast, the Wilson action SI,Λ interpolates between the bare action
SI,B and the interaction part of the generating functional WB , up to rescaling of the
source as given in (2.80).
∗) Strictly speaking, (2.100) is valid only if SI,Λ has no tadpole, i.e., no interaction term pro-
portional to φ(0) at zero momentum.
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2.4.3. Deriving the Wetterich equation
We are now ready to derive the Wetterich equation. Using the property (d) of
the Legendre transform, the Λ derivative of ΓI,B,Λ is obtained as
−Λ ∂
∂Λ
ΓI,B,Λ[Φ] = −Λ ∂
∂Λ
SI,Λ[φ]− 1
2
∫
p
p2 +m2
(K0 −K)2
∆(p/Λ) (Φ− φ) (−p) (Φ− φ) (p) .
(2.103)
Using (2.51) and (2.89), we obtain
−Λ ∂
∂Λ
ΓI,B,Λ[Φ] =
1
2
∫
p
∆(p/Λ)
p2 +m2
δ2SI,Λ[φ]
δφ(−p)δφ(p) . (2
.104)
We rewrite this as
−Λ ∂
∂Λ
ΓI,B,Λ[Φ] =
1
2
∫
p
(
p2 +m2
) ∆(p/Λ)
(K0 −K)2 ·
K0 −K
p2 +m2
δ2SI,Λ[φ]
δφ(−p)δφ(p)
K0 −K
p2 +m2
.
(2.105)
We now note
−Λ ∂
∂Λ
RΛ(p) = −(p2 +m2) ∆(p/Λ)
(K0 −K)2 , (2
.106)
and (2.97)
K0 −K
p2 +m2
δ2SI,Λ[φ]
δφ(−p)δφ(p)
K0 −K
p2 +m2
= −
(
Γ
(2)
B,Λ
)−1
(p,−p)− (2π)Dδ(D)(0) · K0 −K
p2 +m2
. (2.107)
Thus, ignoring a field independent constant (proportional to the space volume), we
obtain the Wetterich equation88)123)122)81)24)
−Λ ∂
∂Λ
ΓI,B,Λ[Φ] =
1
2
∫
p
(
−Λ ∂
∂Λ
RΛ(p)
)(
Γ
(2)
B,Λ
)−1
(p,−p) . (2.108)
There is no formal integral formula for the solution of the Wetterich equation such
as (2.23) for the solution of the Polchinski equation.
2.5. Recapitulation
For the reader’s convenience, we would like to tabulate the functionals and their
relationship, introduced thus far:
1. the bare and Wilson actions (Table I) — Given a bare action SB with cutoff
Λ0, we construct its Wilson action SΛ by integrating the field over momenta
between Λ and Λ0. The generating functionals of the connected correlation
functions for SB and SΛ are basically the same.
2. the bare action with both UV and IR cutoffs (Table II) — Instead of the bare
action SB with an UV cutoff Λ0, we introduce SB,Λ with both UV and IR
cutoffs Λ0 & Λ. We can define its generating functional WB,Λ of the connected
correlation functions, and the Legendre transform ΓB,Λ. The Wilson action SΛ
is equal to WB,Λ.
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symbol description
SB [φ] the bare action with a UV cutoff Λ0
SI,B [φ] the interaction part of SB
WB [J ] the generating functional of SB
ΓB [Φ] the effective action of SB
SB [φ] = −
1
2
R
p2+m2
K0
φφ+ SI,B [φ] (2.1)
exp [WB[J ]] =
R
[dφ] exp
ˆ
SB [φ] +
R
Jφ
˜
(2.27)
ΓB[Φ] = WB[J ]−
R
JΦ , where
(
δWB [J]
δJ(−p)
= Φ(p)
δΓB [Φ]
δΦ(p)
= −J(−p)
SΛ[φ] the Wilson action with a UV cutoff Λ
SI,Λ[φ] the interaction part of SΛ
WΛ[J ] the generating functional of SΛ
SΛ[φ] = −
1
2
R
p2+m2
K
φφ+ SI,Λ[φ] (2.25)
exp [SI,Λ[φ]] =
R
[dφ′] exp
h
− 1
2
R
p2+m2
K0−K
φ′φ′ + SI,B [φ+ φ
′]
i
(2.23)
exp [WΛ[J ]] =
R
[dφ] exp
ˆ
SΛ[φ] +
R
Jφ
˜
(2.28)
WB and WΛ are related as
WB [J ] =WΛ
»
K0
K
J
–
−
1
2
Z
K0 −K
p2 +m2
K0
K
JJ (2.29)
Table I. The bare and Wilson actions — (2.29) shows that the generating functionals WB and WΛ
are basically the same.
symbol description
SB,Λ[φ] the bare action with a UV cutoff Λ0 and IR cutoff Λ
WB,Λ[J ] the generating functional of SB,Λ
ΓB,Λ[Φ] the effective average action; the Legendre transform of WB,Λ
ΓI,B,Λ[Φ] the interaction part of ΓB,Λ
SB,Λ[φ] = −
1
2
R
p2+m2
K0−K
φφ+ SI,B[φ] (2.56)
exp [WB,Λ[J ]] =
R
[dφ] exp
ˆ
SB,Λ[φ] +
R
Jφ
˜
(2.63)
ΓB,Λ[Φ] = WB,Λ[J ]−
R
JΦ ,where
(
δWB,Λ[J]
δJ(−p)
= Φ(p)
δΓB,Λ[Φ]
δΦ(p)
= −J(−p)
(2.65)
ΓB,Λ[Φ] = −
1
2
R
p2+m2
K0−K
ΦΦ+ ΓI,B,Λ[Φ] (2.87)
the relation between SI,Λ and WB
WB,Λ[J ] = SI,Λ
»
K0 −K
p2 +m2
J
–
+
1
2
Z
K0 −K
p2 +m2
JJ (2.78)
the relation between ΓI,B,Λ and SI,Λ
ΓI,B,Λ[Φ] = SI,Λ[φ] +
1
2
Z
p2 +m2
K0 −K
(Φ− φ)(Φ− φ) (2.88)
where
(
Φ(p) = φ(p) + K0−K
p2+m2
δSI,Λ[φ]
δφ(−p)
(2.89)
φ(p) = Φ(p)− K0−K
p2+m2
δΓI,B,Λ[φ]
δφ(−p)
(2.90)
Table II. We construct SB,Λ from SB by cutting off the IR modes with momenta below Λ. The
Wilson action SΛ is the generating functional of SB,Λ.
3. the Λ→ 0+ and Λ→ Λ0− limits (Table III) — As we take the IR cutoff Λ to
zero, SB,Λ becomes SB . As we take Λ to Λ0, the interaction parts of SΛ and
ΓB,Λ become the interaction part of SB.
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Λ→ 0+ limit
limΛ→0 SB,Λ = SB
limΛ→0 ΓB,Λ = ΓB
limΛ→0WB,Λ = WB
Λ→ Λ0 − 0 limit
lim
Λ→Λ0−0
SI,Λ[φ] = lim
Λ→Λ0−0
ΓI,B,Λ[φ] = SI,B [φ]
Table III. The two limits: Λ→ 0+ and Λ→ Λ0 − 0
S I, B = Σ
n 2n legs
Fig. 4. SI,B gives elementary vertices.
Fig. 5. V2n consists of all possible connected diagrams with 2n legs
2.6. Diagrammatic interpretation
Although ERG is not limited to perturbation theory, it is straightforward to
derive all the results of the previous subsections using Feynman diagrams.
2.6.1. SI,Λ and the Polchinski equation
Let us first examine SI,Λ, the interaction part of the Wilson action. It is defined
by (2.23):
exp [SI,Λ[φ]] ≡
∫
[dφ′] exp
[
−1
2
∫
p
p2 +m2
K0 −Kφ
′(p)φ′(−p) + SI,B[φ+ φ′]
]
. (2.109)
We can compute SI,Λ using the high momentum propagator
K0 −K
p2 +m2
(2.110)
and the elementary vertices given by SI,B. (Fig. 4) If we expand
SI,Λ[φ] =
∞∑
n=1
1
(2n)!
∫
p1,··· ,p2n
φ(p1) · · · φ(p2n) · (2π)Dδ(D)(p1 + · · ·+ p2n)
×V2n(Λ; p1, · · · , p2n) , (2.111)
in powers of fields, the vertex function V2n is obtained as the sum of all connected
Feynman diagrams with 2n external legs. No propagator is assigned for the external
leg. (Fig. 5)
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J
Fig. 6. The linear coupling to the external field is interpreted as an interaction vertex.
J
Fig. 7. A J vertex attaches to SI,Λ[φ] through a high momentum propagator.
J J
Fig. 8. Two J vertices connected by a high momentum propagator.
Now, let us consider SI,Λ[φ;J ] for the bare action SI,B[φ;J ] with a source J
coupled linearly to φ. It is defined by
exp [SI,Λ[φ;J ]] ≡
∫
[dφ′] exp
[
−1
2
∫
p2 +m2
K0 −Kφ
′φ′ + SI,B[φ+ φ
′] +
∫
J · (φ+ φ′)
]
.
(2.112)
The source gives an extra vertex given in Fig. 6. This extra vertex can do three
things:
(i) It attaches to one of the external lines of V2n via a high momentum propagator
as in Fig. 7. This gives a shift of φ:
SI,Λ
[
φ+
K0 −K
p2 +m2
J
]
. (2.113)
(ii) Two of them get connected by a single high momentum propagator as in Fig. 8.
This gives
1
2
∫
p
J(−p)K0 −K
p2 +m2
J(p) . (2.114)
(iii) It remains as itself, giving ∫
p
J(−p)φ(p) . (2.115)
Hence, altogether we obtain (2.37), which we have called an intermediate result:
SI,Λ[φ;J ] = SI,Λ
[
φ+
K0 −K
p2 +m2
J
]
+
1
2
∫
J
K0 −K
p2 +m2
J +
∫
J · φ . (2.116)
Now, let us consider the Λ derivative of the Wilson action SI,Λ. The propagators
in each Feynman diagram can be classified into two types:
1. type 1 — if cut, the diagram breaks into two separate pieces.
2. type 2 — if cut, the diagram remains a single piece.
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Fig. 9. Λ derivative acts on a type 1 propagator.
Fig. 10. Λ derivative acts on a type 2 propagator.
When we differentiate V2n with respect to Λ, only the propagators are acted on, since
the vertices SI,B are independent of Λ. When differentiation acts on a type 1 propa-
gator, we obtain two Feynman graphs connected to each other by the differentiated
propagator:
−Λ ∂
∂Λ
K0 −K
p2 +m2
=
∆(p/Λ)
p2 +m2
. (2.117)
Denoting this by a broken line, we obtain two vertex functions connected by a broken
line as in Fig. 9. Summing over all possibilities, we obtain
1
2
∫
p
∆(p/Λ)
p2 +m2
δSI,Λ
δφ(−p)
δSI,Λ
δφ(p)
, (2.118)
where the factor 12 avoids overcounting.
When differentiation acts on a type 2 propagator, we get a single vertex func-
tion with a loop of the differentiated propagator as in Fig. 10. Summing over all
possibilities, we obtain
1
2
∫
p
∆(p/Λ)
p2 +m2
δ2SI,Λ
δφ(p)δφ(−p) . (2
.119)
Thus, altogether we obtain the Polchinski equation
−Λ ∂
∂Λ
SI,Λ[φ] =
∫
p
∆(p/Λ)
p2 +m2
{
δSI,Λ
δφ(p)
δSI,Λ
δφ(−p) +
δ2SI,Λ
δφ(p)δφ(−p)
}
. (2.120)
2.6.2. ΓI,B,Λ and the Wetterich equation
The average action ΓB,Λ is the Legendre transform of the generating functional
WB,Λ. Expanding the interaction part ΓI,B,Λ of the average action as
ΓI,B,Λ[Φ] =
∞∑
n=1
1
(2n)!
∫
p1,··· ,p2n
Φ(p1) · · ·Φ(p2n) · (2π)Dδ(D)(p1 + · · · p2n)
×Γ2n(Λ; p1, · · · , p2n) . (2.121)
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Fig. 11. Γ2n consists of 1PI diagrams with 2n legs
p -q
Fig. 12. A series of 1PI diagrams giving G(p,−q)
we find that Γ2n consists of all 1PI (one particle irreducible) diagrams with 2n
external legs. Again, no propagator is assigned to the external legs. All the internal
lines are of type 2. We denote Γ2n by a shaded blob as in Fig. 11.
Differentiating Γ2n(Λ) with respect to Λ, we do not get graphs as in Fig. 9, but
only graphs as in Fig. 10. The graph after the cutting is not necessarily 1PI; it
consists of multiple 1PI graphs connected in series as in Fig. 12. Hence, we obtain
the graphical equation
−Λ ∂
∂Λ
=
where the broken line on the top denotes the Λ derivative of the propagator.
Consider the sum over graphs in Fig. 12, where we assign a field Φ for each
external leg except for those with momentum p or −q. Let us call the sum G(p,−q)
so that
−Λ ∂
∂Λ
ΓI,B,Λ[Φ] =
∫
p
∆(p/Λ)
p2 +m2
G(p,−p) . (2.122)
Each blob of Fig. 12 gives
Γ
(2)
I,B,Λ(q,−r) ≡
δ2ΓI,B,Λ[Φ]
δΦ(−q)δΦ(r) . (2
.123)
Hence, G(p,−q) is a geometric series given by
G(p,−q) = Γ (2)I,B,Λ(p,−q) +
∫
r
Γ
(2)
I,B,Λ(p,−r)
K0 −K
r2 +m2
Γ
(2)
I,B,Λ(r,−q) + · · · . (2.124)
Hence, we obtain∫
r
(
(2π)Dδ(D)(p − r) + K0 −K
p2 +m2
G(p,−r)
)
K0 −K
r2 +m2
(2.125)
×
(
−r
2 +m2
K0 −K (2π)
Dδ(D)(r − q) + Γ (2)I,B,Λ(r,−q)
)
= −(2π)Dδ(D)(p − q) .
Therefore, from (2.97), we find(
(2π)Dδ(D)(p− q) + K0 −K
p2 +m2
G(p,−q)
)
K0 −K
q2 +m2
= −
(
Γ
(2)
B,Λ
)−1
(p,−q) . (2.126)
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Thus, ignoring an additive constant proportional to δ(D)(0), we obtain
−Λ ∂
∂Λ
ΓI,B,Λ[Φ] =
∫
p
(p2 +m2)
∆(p/Λ)
(K0 −K)2
(
K0 −K
p2 +m2
)2
G(p,−p)
= −
∫
p
(p2 +m2)
∆(p/Λ)
(K0 −K)2
(
Γ
(2)
B,Λ
)−1
(p,−p) , (2.127)
which is the Wetterich equation.
2.6.3. Λ dependence of the generating functional
Let us understand (2.29)
WB [J ] =WΛ
[
K0
K
J
]
− 1
2
∫
p
K0 −K
p2 +m2
K0
K
J(−p)J(p) , (2.128)
using Feynman diagrams. Recall that this is an important equation implying we
miss no physics by the ERG transformation.
Let us first consider WB[J ]. This can be calculated perturbatively using the
vertices provided by SI,B and the source term
∫
Jφ. The propagator is given by
K0
p2 +m2
. (2.129)
Note that there is a single contribution that does not involve the interaction vertex
SI,B, which is given graphically by Fig. 8 with the above propagator:
1
2
∫
p
J(−p) K0
p2 +m2
J(p) . (2.130)
Now, let us consider the Feynman diagrams contributing to
WB [J ]− 1
2
∫
p
J(−p) K0
p2 +m2
J(p) . (2.131)
Each internal propagator can be decomposed as the sum of high and low momentum
propagators:
K0
p2 +m2
=
K0 −K
p2 +m2
+
K
p2 +m2
. (2.132)
We substitute the above decomposition to all the internal propagators. Those parts
involving only the high momentum propagators give the vertices of the Wilson action
SI,Λ. The low momentum propagator is to be used with the vertices SI,Λ. (See
Fig. 13.) For the external propagators ending with sources, we write
K0
p2 +m2
J(p) =
K
p2 +m2
· K0
K
J(p) , (2.133)
using the low momentum propagator. This amounts to replacing J by K0/K · J .
Hence, the decomposition (2.132) gives
WB [J ]− 1
2
∫
p
J
K0
p2 +m2
J =WΛ
[
K0
K
J
]
− 1
2
∫
p
K0
K
J
K
p2 +m2
K0
K
J , (2.134)
where we have subtracted the contributions independent of interaction vertices.
From this, we obtain (2.29).
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Fig. 13. On the right, the blobs contain only high momentum propagators. These blobs are con-
nected to each other by low momentum propagators.
2.7. Fermions
It is straightforward to extend ERG to include spin 12 fields. We enumerate the
main results:
1. Given a bare action
SB [ψ, ψ¯] ≡ −
∫
p
ψ¯(−p)p/ + im
K0
ψ(p) + SI,B[ψ, ψ¯] , (2.135)
the Wilson action is defined by
exp
[
SI,Λ[ψ, ψ¯]
] ≡ ∫ [dψ′dψ¯′] exp [
−
∫
p
ψ¯′(−p) p/ + im
K0 −Kψ
′(p) + SI,B[ψ + ψ
′, ψ¯ + ψ¯′]
]
. (2.136)
2. The Polchinski equation is obtained as
−Λ ∂
∂Λ
SI,Λ = (−)
∫
p
∆(p/Λ)
p2 +m2
· Tr
[
(p/− im)
×
{ −→
δ
δψ¯(−p)SI,Λ · SI,Λ
←−
δ
δψ(p)
+
−→
δ
δψ¯(−p)SI,Λ
←−
δ
δψ(p)
}]
, (2.137)
where the minus sign (−) is due to the Fermi statistics.
3. By introducing anticommuting sources to the bare action
+
∫
p
(
ξ¯(−p)ψ(p) + ψ¯(−p)η(p)) , (2.138)
the Wilson action obtains the following source dependence:
SI,Λ[ψ, ψ¯; ξ¯, η] = SI,Λ
[
ψ(p) +
K0 −K
p/ + im
η(p), ψ¯(−p) + ξ¯(−p)K0 −K
p/ + im
]
+
∫ (
ξ¯ψ + ψ¯η
)
+
∫
ξ¯(−p)K0 −K
p/ + im
η(p) . (2.139)
4. The generating functionals of the bare and Wilson actions are related by
WB [ξ¯, η]−
∫
ξ¯
K0
p/ + im
η
=WΛ
[
K0
K
ξ¯,
K0
K
η
]
−
∫
K0
K
ξ¯(−p) K
p/ + im
K0
K
η(p) . (2.140)
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5. For the action with both UV and IR cutoffs
SB,Λ[ψ, ψ¯] ≡ −
∫
ψ¯(−p)RΛ(p)ψ(p) + SB [ψ, ψ¯] , (2.141)
where
RΛ(p) ≡
(
p/ + im
)( 1
K0 −K −
1
K0
)
, (2.142)
we define the generating functional by
exp
[
WB,Λ[ξ¯, η]
] ≡ exp [SB,Λ[ψ, ψ¯] +
∫
p
(
ξ¯ψ + ψ¯η
)]
. (2.143)
This is given in terms of the Wilson action by
WB,Λ[ξ¯, η] = SI,Λ
[
ξ¯
K0 −K
p/ + im
,
K0 −K
p/ + im
η
]
+
∫
ξ¯(−p)K0 −K
p/ + im
η(p) . (2.144)
6. The effective average action ΓB,Λ[Ψ, Ψ¯ ] is defined as its Legendre transform:
ΓB,Λ[Ψ, Ψ¯ ] ≡WB,Λ[ξ¯, η] −
∫
p
(
ξ¯Ψ + Ψ¯η
)
, (2.145)
where ξ¯, η are determined by
 Ψ(p) =
−→
δ
δξ¯(−p)
WB,Λ[ξ¯, η]
Ψ¯(−p) = WB,Λ[ξ¯, η]
←−
δ
δη(p)
(2.146)
as functionals of Ψ, Ψ¯ .
7. We define Γ
(2)
B,Λ by
Γ
(2)
B,Λ(p,−q) ≡
−→
δ
δΨ¯(−p)ΓB,Λ[Ψ, Ψ¯ ]
←−
δ
δΨ(q)
, (2.147)
and its inverse by∫
q
(
Γ
(2)
B,Λ
)−1
(p,−q)Γ (2)B,Λ(q,−r) = (2π)Dδ(D)(p− r) . (2.148)
8. The Wetterich equation for the effective average action is given as
−Λ ∂
∂Λ
ΓI,B,Λ[Ψ, Ψ¯ ] = (−)
∫
p
Tr
(
−Λ ∂
∂Λ
RΛ(p)
)(
Γ
(2)
B,Λ
)−1
(p,−p) , (2.149)
where
−Λ ∂
∂Λ
RΛ(p) = −
(
p/ + im
) ∆(p/Λ)
(K0 −K)2 . (2
.150)
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§3. Continuum limits
In §2 we have kept the UV cutoff Λ0 finite. In this section we consider tak-
ing the continuum limit Λ0 → ∞. We call the theory given by a bare action SB
renormalizable if we can obtain a limit of the Wilson action SΛ as Λ0 → ∞, by
giving appropriate Λ0 dependence to the parameters of SB . Since the Wilson action
SΛ contains the same physics as the bare action SB , we expect that the physics of
the continuum limit is fully contained in the Λ0 → ∞ limit of SΛ. In this section
we restrict our discussion only to perturbative renormalization, even though ERG is
applicable non-perturbatively.
3.1. Perturbative renormalizability
For concreteness, let us consider the φ4 theory in D = 4. We give the bare action
in the following form:
SB = −1
2
∫
p
p2 +m2
K (p/Λ0)
φ(−p)φ(p) + SI,B , (3.1)
where the interaction part has three terms:
SI,B = −
∫
d4x
[
∆m2
φ2
2
+∆z
1
2
∂µφ∂µφ+ λ0
φ4
4!
]
. (3.2)
We determine the cutoff dependence of the coefficients ∆m2,∆z, λ0 so that the
Wilson action SΛ has a finite limit as Λ0 →∞:
S¯Λ ≡ lim
Λ0→∞
SΛ , (3.3)
where SΛ is the solution of the Polchinski equation satisfying the initial condition
SΛ0 = SB.
∗) The Λ0 dependence of SΛ must go away in the limit. (Fig. 14) In fact it
was for this proof of renormalizability that Polchinski’s differential equation was first
introduced.94)∗∗) The idea is not to look at the continuum limit of the correlation
functions, but to look instead at the limit of the Wilson action. It is beyond the
scope of this review, however, to explain how to use the Polchinski equation to prove
perturbative renormalizability. We refer the reader to the original paper94) and the
references cited in §1.
We now recall an important result (2.29) from §2. Taking the limit Λ0 →∞, we
obtain
W∞[J ] =WΛ
[
J
K
]
+
1
2
∫
p
1− 1/K
p2 +m2
J(−p)J(p) , (3.4)
∗) Here, we denote the continuum limit of the Wilson action putting a bar above SΛ. This
notation is used only in §3, and the continuum limit is simply written as SΛ in the later sections.
The bar notation is adopted again in §7 to denote a Wilson action in the presence of antifields.
∗∗) The first differential equation for ERG, introduced by K. Wilson,124) is somewhat different
from Polchinski’s, which suits perturbation theory better. In Appendix A we derive the original
ERG differential equation by Wilson.
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lim
Λ 8
SΛ
SB
Λ
0
8
SΛ
ERG trajectories
Λ fixed
SΛ
0
Fig. 14. SΛ is the solution of the Polchinski equation with the initial condition SΛ0 = SB . Renor-
malizability amounts to the existence of a limit of SΛ as we take Λ0 to infinity.
where W∞[J ] is the generating functional of connected correlation functions in the
continuum limit. Equivalently, by differentiating the above with respect to J ’s (or
taking the limit Λ0 →∞ of (2.43)), we obtain{
〈φ(p)φ(−p)〉∞ = 1
K2
〈φ(p)φ(−p)〉S¯Λ +
1−1/K
p2+m2
,
〈φ(p1) · · · φ(pn)〉∞ =
∏n
i=1
1
K(pi/Λ)
· 〈φ(p1) · · ·φ(pn)〉S¯Λ ,
(3.5)
where we denote the continuum limit by a superscript ∞. These imply that the
correlation functions of the continuum limit are fully obtained from the Wilson action
S¯Λ which has a finite momentum cutoff. Hence, if we expect some symmetry in
the continuum limit, it should be a symmetry of the Wilson action. The above
two relations (3.4) & (3.5) play a key role justifying our approach to realization of
symmetry.
In the remaining part of this subsection, let us compute the two-point vertex
function of SI,Λ at 1-loop level. This is only for an illustration; it is no substitute for
a general proof of renormalizability using the Polchinski equation. Let us first recall
the expansion of the Wilson action in powers of fields:
SΛ[φ] =
∞∑
n=1
1
(2n)!
∫
p1+···+p2n=0
V2n(Λ; p1, · · · , p2n)φ(p1) · · · φ(p2n) . (3.6)
We wish to compute V2 at 1-loop. Denoting the 1-loop contribution by a superscript
(1), we obtain
V(1)2 (Λ; p,−p) = −
λ
2
∫
q
K (q/Λ0)−K (q/Λ)
q2 +m2
− (∆m2)(1) , (3.7)
where λ is the tree level part of λ0. (Fig. 15) This is independent of p. We evaluate
the integral as follows:∫
q
K (q/Λ0)−K (q/Λ)
q2 +m2
=
∫
q
(K (q/Λ0)−K (q/Λ))
(
1
q2
− m
2
q4
+
m4
q4(q2 +m2)
)
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+p -p
Fig. 15. Two-point vertex at 1-loop is calculated with a high momentum propagator. The second
graph denotes a counterterm −(∆m2)(1).
=
∫
q
K (q/Λ0)−K (q/Λ)
q2
−m2
∫
q
K (q/Λ0)−K (q/Λ)
q4
+
∫
q
(K (q/Λ0)−K (q/Λ)) m
4
q4(q2 +m2)
. (3.8)
The last integral has a finite limit:
lim
Λ0→∞
∫
q
(K (q/Λ0)−K (q/Λ)) m
4
q4(q2 +m2)
=
∫
q
(1−K (q/Λ)) m
4
q4(q2 +m2)
. (3.9)
The first integral gives∗)∫
q
K (q/Λ0)−K (q/Λ)
q2
=
(
Λ20 − Λ2
) ∫
q
K(q)
q2
, (3.10)
where the integral on the right-hand side is a finite constant, dependent on the
particular cutoff function chosen. It needs a little more work to calculate the second
integral. Let
F (Λ0, Λ) ≡
∫
q
K (q/Λ0)−K (q/Λ)
q4
(3.11)
so that
F (Λ,Λ) = 0 . (3.12)
Differentiating F with respect to Λ0, we obtain
Λ0
∂
∂Λ0
F (Λ0, Λ) =
∫
q
∆(q/Λ0)
q4
=
∫
q
∆(q)
q4
(3.13)
which is a constant. This constant is independent of the choice of K due to the
following general formula:∫
q
∆(q) (1−K(q))n
q4
=
2
(4π)2
1
n+ 1
. (3.14)
(Proof) Using the spherical coordinates and the definition ∆(q) ≡ −2q2dK(q)/dq2,
we calculate∫
q
∆(q) (1−K(q))n
q4
=
2π2
(2π)4
∫ ∞
0
q2dq2
2
(−2q2)dK
dq2
(1−K)n 1
q4
∗) Please note that we are not using the short-hand notation (2.24) of §2 here; K(q) on the right
does not stand for K(q/Λ). The dimensionless argument q is obtained from q/Λ or q/Λ0 by change
of variables. In this section, we do not use the short-hand notation.
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=
2
(4π)2
∫ ∞
0
dq2
1
n+ 1
d
dq2
(1−K)n+1
=
2
(4π)2
1
n+ 1
, (3.15)
using K(0) = 1 and K(∞) = 0. (End of proof)
Hence, we obtain
Λ0
∂
∂Λ0
F (Λ0, Λ) =
2
(4π)2
. (3.16)
Thus,
F (Λ0, Λ) =
2
(4π)2
ln
Λ0
Λ
. (3.17)
Altogether, we obtain
V(1)2 (Λ) = −
λ
2
[(
Λ20 − Λ2
) ∫
q
K(q)
q2
−m2 2
(4π)2
ln
Λ0
Λ
+
m4
Λ2
∫
q
1−K(q)
q4 (q2 +m2/Λ2)
]
− (∆m2)(1) . (3.18)
For this to have a limit as Λ0 →∞, we take
(
∆m2
)(1)
=
λ
2
(
−Λ20
∫
q
K(q)
q2
+m2
2
(4π)2
ln
Λ0
µ
)
, (3.19)
where we have introduced an an arbitrary momentum scale µ to make the argument
of the logarithm dimensionless. This gives the continuum limit
V¯(1)2 (Λ) = −
λ
2
[
−Λ2
∫
q
K(q)
q2
+m2
2
(4π)2
ln
Λ
µ
+
m4
Λ2
∫
q
1−K(q)
q4 (q2 +m2/Λ2)
]
(3.20)
as the 1-loop self-energy correction from the high-momentum modes.
In addition, the contribution of the low-momentum modes is given by
−λ
2
∫
q
K (q/Λ)
q2 +m2
. (3.21)
Hence, the 1-loop self-energy correction is
−Σ(1) ≡ V¯(1)2 (Λ)−
λ
2
∫
q
K (q/Λ)
q2 +m2
, (3.22)
which is independent not only of Λ, but also of the external momentum. Thus, up
to 1-loop, the inverse propagator is given by
1/ 〈φ(p)φ(−p)〉∞ = p2 +m2 +Σ(1) = p2 +m2ph , (3.23)
where we have defined the physical squared mass m2ph by
m2ph ≡ m2 +Σ(1) = m2 − V¯(1)2 (Λ) +
λ
2
∫
p
K (p/Λ)
p2 +m2
. (3.24)
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Fig. 16. The Wilson action S¯Λ of the continuum limit obeys its own Polchinski differential equation
and asymptotic conditions.
This is independent of Λ, but depends on µ.
To all orders in perturbation theory, we expect the following Λ0 dependence of
the counterterms:
∆m2 = Λ20A2(lnΛ0/µ) +m
2B2(lnΛ0/µ) = O(λ) (3.25)
∆z = C2(lnΛ0/µ) = O(λ
2) (3.26)
λ0 = A4(lnΛ0/µ) = λ+O(λ
2) (3.27)
The Λ0 dependence is determined so that SΛ, for a fixed Λ, has a limit as Λ0 →∞.
To fix the Λ0 independent additive constants in B2, C2, A4, we must provide three
renormalization conditions. For example, we can adopt the BPHZ condition at zero
momentum so that
1/ 〈φ(p)φ(−p)〉∞ = m2 + p2 + p2 ·O
(
p2
m2
)
, (3.28)
〈φ(0)φ(0)φ(0)φ(0)〉∞ = −λ . (3.29)
At 1-loop, the BPHZ condition amounts to choosing µ so that
Σ(1) = 0 . (3.30)
3.2. Asymptotic behaviors
For realization of symmetry, it is more convenient to parameterize the theory
by directly specifying the “asymptotic” behavior of the continuum limit S¯Λ as Λ→
∞.17), 91), 106) (See Fig. 16.) To explain this parameterization, let us expand the
continuum limit S¯Λ of the Wilson action in powers of fields:
S¯I,Λ[φ] =
∞∑
n=1
1
(2n)!
∫
p1+···+p2n=0
V¯2n(Λ; p1, · · · , p2n)φ(p1) · · · φ(p2n) . (3.31)
The vertex functions V¯2n are local, meaning that we can expand them in powers of
m2 and the external momenta. Since V¯2n has mass dimension 4− 2n, we expect the
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following expansions:
V¯2(Λ; p,−p) = Λ2a2(lnΛ/µ) +m2b2(lnΛ/µ) + p2c2(lnΛ/µ) + · · · ,
V¯4(Λ; p1, · · · , p4) = a4(lnΛ/µ) + · · · ,
V¯2n(Λ; p1, · · · , p2n) = 1Λ2n−4 a2n(lnΛ/µ) + · · · . (2n ≥ 6)
(3.32)
At each order of loop expansions, the coefficients a2, b2, etc., are finite polynomials
of the logarithm of Λ. The scale parameter µ is introduced to make the argument of
the logarithm dimensionless, as has been done in the previous subsection. Since the
Polchinski differential equation (2.51) determines only the Λ dependence, it leaves Λ
independent parts undetermined. More explicitly, the undetermined Λ independent
parts are additive constants in
b2(lnΛ/µ) , c2(lnΛ/µ) , a4(lnΛ/µ) . (3.33)
We can fix these additive constants by specifying the values of b2, c2, a4 at Λ = µ.
Once the additive constants are fixed, the vertex functions, including a2 and a2n≥6,
are determined unambiguously by the Polchinski differential equation. Thus, we have
argued that the Wilson action can be determined uniquely by imposing a convention
on the three additive constants
b2(0) , c2(0) , a4(0) . (3.34)
The simplest choice would be
b2(0) = c2(0) = 0 , a4(0) = −λ , (3.35)
which is an analog of the MS scheme for dimensional regularization.111)∗)
In lieu of expanding the vertex functions in powers of m2 and external momenta,
we often refer to the “asymptotic behavior” of the Wilson action:
S¯I,Λ
Λ→∞−→
∫
d4x
[(
Λ2a2(lnΛ/µ) +m
2b2(lnΛ/µ)
) φ2
2
+c2(lnΛ/µ)
1
2
∂µφ∂µφ+ a4(lnΛ/µ)
1
4!
φ4
]
. (3.36)
This is a convenient way of summarizing the leading terms of the expansions of the
vertex functions in powers of m2 and external momenta. The above “asymptotic”
expansion is valid in two ways:
1. For fixed m2 and external momenta, we take Λ asymptotically large.
2. For fixed Λ, we take m2 and external momenta small.
Hence, calling (3.36) an asymptotic expansion is a bit imprecise. When we refer to
asymptotic expansions, we often consider the second meaning. Please note that we
only keep the part of the vertex functions multiplied by non-negative powers of Λ
in the asymptotic behavior; we do not write a φ6 term in the asymptotic behavior,
since the leading term of V¯6 is multiplied by 1/Λ2.
∗) In Appendix B.1 we derive a mass independent RG equation using the choice (3.
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Fig. 17. The s-channel contribution to V¯
(1)
4
For concreteness, let us consider the examples of two- and four-point vertex
functions at 1-loop. First, let us consider the differential equation for the two-point
vertex:
−Λ ∂
∂Λ
V¯(1)2 (Λ) = −
λ
2
∫
q
∆(q/Λ)
q2 +m2
(3.37)
Expanding the right-hand side in m
2
Λ2
, we obtain
−Λ ∂
∂Λ
V¯(1)2 (Λ) = −
λ
2
Λ2
∫
q
∆(q)
q2
(
1− m
2
Λ2
1
q2
+O
(
m4
Λ4
))
. (3.38)
Using ∫
q
∆(q)
q2
= 2
∫
q
K(q)
q2
,
∫
q
∆(q)
q4
=
2
(4π)2
, (3.39)
we obtain the asymptotic behavior
V¯(1)2 (Λ) Λ→∞−→ −
λ
2
Λ2
[
−1
2
∫
q
∆(q)
q2
+
2
(4π)2
m2
Λ2
ln
Λ
µ
]
+ const , (3.40)
where we have introduced lnµ as part of the additive constant. Hence, we obtain{
a
(1)
2 =
λ
4
∫
q
∆(q)
q2 =
λ
2
∫
q
K(q)
q2 ,
b
(1)
2 (lnΛ/µ) = − λ(4π)2 ln Λµ + const .
(3.41)
Then, by imposing the convention
b
(1)
2 (0) = 0 , (3
.42)
we obtain the asymptotic behavior of the solution given by (3.20).
Let us next consider a 1-loop contribution to the four-point vertex function
corresponding to the s-channel Feynman diagram in Fig. 17. In the rest of this
section, we consider only the continuum limit, and for simplicity we omit a bar
to denote the limit. Calling the s-channel vertex by v4(Λ; p1 + p2), we obtain the
differential equation
−Λ ∂
∂Λ
v4(Λ; p1 + p2) =
∫
p
∆(p/Λ)
p2 +m2
v6(Λ; p1 + p2 + q, p3 + p4 − q) , (3.43)
where v6 is part of the tree-level six-point vertex function V(0)6 (Λ; p1, · · · , p4, q,−q)
corresponding to the right diagram in Fig. 18. Now, v6 satisfies
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Fig. 18. The left represents (3.43), where the broken line gives the propagator proportional to ∆.
The right represents v6(Λ; p1 + p2 + q, p3 + p4 − q).
−Λ ∂
∂Λ
v6(Λ; p,−p) = λ2 ∆(p/Λ)
p2 +m2
, (3.44)
and the asymptotic condition
v6(Λ; p,−p) Λ→∞−→ 0 , (3.45)
since no six-point vertex survives the Λ→∞ limit.∗) Hence, the solution is
v6(Λ; p,−p) = λ2 1−K (p/Λ)
p2 +m2
. (3.46)
Substituting this into (3.43), we obtain
−Λ ∂
∂Λ
v4(Λ; p) = λ
2
∫
p
∆(p/Λ)
p2 +m2
1−K ((q + p)/Λ)
(q + p)2 +m2
. (3.47)
Now, v4(lnΛ/µ; p) is determined by this differential equation and an additive con-
stant in its asymptotic behavior. To find the asymptotic behavior, we consider the
integral∫
q
∆(q/Λ)
q2 +m2
1−K ((q + p)/Λ)
(q + p)2 +m2
=
∫
q
∆(q)
q2 +m2/Λ2
1−K(q + p/Λ)
(q + p/Λ)2 +m2/Λ2
Λ→∞−→
∫
q
∆(q) (1−K(q))
q4
=
1
(4π)2
. (3.48)
Hence, the asymptotic behavior of v4 is given by
v4(lnΛ/µ; p)
Λ→∞−→ − λ
2
(4π)2
ln
Λ
µ
+ const . (3.49)
This implies, after summing over three channels,
a
(1)
4 (lnΛ/µ) = −
3λ2
(4π)2
ln
Λ
µ
+ const . (3.50)
∗) Recall our terminology. Without referring to “asymptotic” behaviors, we can say the same
thing as follows. Expanding V6 in powers of m
2 and momenta, the leading term is proportional to
a negative power of Λ.
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Now, we obtain
−Λ ∂
∂Λ
(
v4(lnΛ/µ; p) +
λ2
(4π)2
ln
Λ
µ
)
= λ2
∫
q
[
∆(q/Λ)
q2 +m2
1−K ((q + p)/Λ)
(q + p)2 +m2
− ∆(q/Λ) (1−K (q/Λ))
q4
]
. (3.51)
This is integrated to give
v4(lnΛ/µ; p) = − λ
2
(4π)2
ln
Λ
µ
+ const
+
λ2
2
∫
q
[
1−K (q/Λ)
q2 +m2
1−K ((q + p)/Λ)
(q + p)2 +m2
− (1−K (q/Λ))
2
q4
]
. (3.52)
The integral on the right-hand side vanishes asymptotically, i.e., as we take m2 and p
to zero. The additive constant must be zero if we adopt the convention a4(0) = −λ.
3.3. Asymptotic behaviors of the Wilson action and the effective average action
In §2.4 we have introduced the effective average action ΓB,Λ[Φ] as the Legendre
transform of the Wilson action SΛ[φ]. Their precise relation is given by (2.84) and
(2.85). In the continuum limit Λ0 → ∞, let us write ΓΛ for ΓB,Λ. (We continue
omitting a bar to denote the continuum limit.) Then, we can write (2.84) and (2.85)
as
ΓΛ[Φ] = SΛ[φ] +
∫
p
p2 +m2
1−K (p/Λ)
(
1
K (p/Λ)
1
2
φ(p)φ(−p)− Φ(p)φ(−p)
)
(3.53)
and
Φ(p) =
1
K (p/Λ)
φ(p) +
1−K (p/Λ)
p2 +m2
δSΛ[φ]
δφ(−p) . (3
.54)
For the interaction parts defined by{
SI,Λ[φ] ≡ 12
∫
p
p2+m2
K(p/Λ)φ(−p)φ(p) + SΛ[φ] ,
ΓI,Λ[Φ] ≡ 12
∫
p
p2+m2
1−K(p/Λ)Φ(−p)Φ(p) + ΓΛ[Φ] ,
(3.55)
we can write (3.53) as
ΓI,Λ[Φ] = SI,Λ[φ] +
1
2
∫
p
p2 +m2
1−K (p/Λ) (Φ− φ) (−p) (Φ− φ) (p) . (3
.56)
Since Φ and φ become equal as Λ → ∞, (3.56) implies that ΓI,Λ[Φ] and SI,Λ[φ]
have the same asymptotic behaviors. In the case of the φ4 theory in D = 4, the
asymptotic behavior (3.36) of the Wilson action implies∗)
ΓI,Λ[Φ]
Λ→∞−→
∫
d4x
[(
Λ2a2(lnΛ/µ) +m
2b2(lnΛ/µ)
) Φ2
2
+c2(lnΛ/µ)
1
2
(∂µΦ)
2 + a4(lnΛ/µ)
Φ4
4!
]
. (3.57)
∗) This is the parameterization adopted in ref. 91), where µ is denoted as ΛR.
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3.4. Alternative parameterization
We have shown how to specify the Wilson action of the φ4 theory in D = 4 by
specifying b2(0), c2(0), a4(0) by hand. Alternatively, we can specify the behavior of
the two- and four-point vertex functions at zero external momentum as an analog of
the BPHZ scheme. More concretely, we can impose
V2(Λ = µ; p = 0) = 0 , (3.58)
∂
∂p2
V2(Λ = µ; p,−p)
∣∣∣
p=0
= 0 , (3.59)
V4(Λ = µ; pi = 0) = −λ , (3.60)
for a given choice of the renormalization scale µ.
Let us see how the above conditions change the choice of b2(0), a4(0) at 1-loop.
The two-point vertex function becomes
V(1)2 (Λ) = −
λ
2
[(−Λ2 + µ2) ∫
q
K(q)
q2
+m2
2
(4π)2
ln
Λ
µ
+m4
∫
q
K(q/µ)−K(q/Λ)
q4(q2 +m2)
]
.
(3.61)
Hence,
b2(0) = −λ
2
[
µ2
m2
∫
q
K(q)
q2
+m2
∫
q
K(q/µ)− 1
q4(q2 +m2)
]
. (3.62)
Note the non-trivial dependence on m2.
The four-point vertex function, for a single channel, becomes
v4(lnΛ/µ; p) =
λ2
2
∫
q
[
1−K (q/Λ)
q2 +m2
1−K ((q + p)/Λ)
(q + p)2 +m2
−
(
1−K(q/µ)
q2 +m2
)2]
, (3.63)
where we have used∫
q
[(
1−K(q/µ)
q2
)2
−
(
1−K (q/Λ)
q2
)2]
=
2
(4π)2
ln
Λ
µ
. (3.64)
Hence,
a4(0) = −λ+ 3× λ
2
2
∫
q
(1−K(q/µ))2
[
1
q4
− 1
(q2 +m2)2
]
. (3.65)
where the factor 3 is for three channels (s,t,u). This also has non-trivial dependence
on m2.∗)
In general, a renormalization scheme corresponds to a convention for the coef-
ficients b2(0), c2(0), a4(0). In Appendix B.2, we will show that changing the three
coefficients amounts to changing m2, λ, and the normalization of φ under the same
renormalization scheme.
∗) The non-trivial dependence of b2(0), a4(0) on
m2
µ2
implies that the beta function and anomalous
dimension of the squared mass, explained in Appendix B.1, are mass dependent.
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§4. Composite operators
In this section we introduce composite operators,17) which provide the most
important tool for our program of symmetry realization. By the name we do not
mean any random functionals of field variables. Only when a cutoff dependent
functional satisfies a particular property, we call it a composite operator.
4.1. Definition
Let ∆SΛ be an infinitesimal deformation of a Wilson action SΛ so that both SΛ
and SΛ + ∆SΛ satisfy the same Polchinski equation. Then, the difference satisfies
the following linear equation:
−Λ ∂
∂Λ
∆SΛ =
∫
p
∆(p/Λ)
p2 +m2
[
p2 +m2
K (p/Λ)
φ(p)
δ
δφ(p)
+
δSΛ
δφ(−p)
δ
δφ(p)
+
1
2
δ2
δφ(−p)δφ(p)
]
∆SΛ . (4.1)
This can be rewritten using the interaction part SI,Λ as
−Λ ∂
∂Λ
∆SΛ =
∫
p
∆(p/Λ)
p2 +m2
[
δSI,Λ
δφ(−p)
δ
δφ(p)
+
1
2
δ2
δφ(−p)δφ(p)
]
∆SΛ . (4.2)
In general we call a Λ dependent functional OΛ[φ] a composite operator if it
satisfies the same differential equation as above:
−Λ ∂
∂Λ
OΛ =
∫
p
∆(p/Λ)
p2 +m2
[
p2 +m2
K (p/Λ)
φ(p)
δ
δφ(p)
+
δSΛ
δφ(−p)
δ
δφ(p)
+
1
2
δ2
δφ(−p)δφ(p)
]
OΛ
=
∫
p
∆(p/Λ)
p2 +m2
[
δSI,Λ
δφ(−p)
δ
δφ(p)
+
1
2
δ2
δφ(−p)δφ(p)
]
OΛ . (4.3)
In other words, any Λ dependent functional OΛ[φ] is a composite operator, if
SI,Λ + ǫOΛ (4.4)
satisfies the Polchinski equation up to first order in ǫ. Note that the right-hand side
of (4.3) is a linear differential operator acting on OΛ. Hence, denoting the differential
operator by D, we may express (4.3) symbolically as
−Λ ∂
∂Λ
OΛ = D · OΛ . (4.5)
To determine OΛ unambiguously, we must supply either an initial condition at
an UV scale Λ0, or an asymptotic condition in the case of a renormalizable theory.
In the former case, given OΛ0 = OB , we obtain an integral formula for the solution
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of the differential equation (4.3) as follows:
OΛ[φ] exp [SI,Λ[φ]] =
∫
[dφ′]OB [φ+ φ′] exp
[
−1
2
∫
p
p2 +m2
K0 −Kφ
′φ′ + SI,B[φ+ φ
′]
]
.
(4.6)
This is obtained by taking an infinitesimal variation of the definition (2.23) of the
Wilson action:
exp [SI,Λ[φ]] ≡
∫
[dφ′] exp
[
−1
2
∫
p2 +m2
K0 −Kφ
′φ′ + SI,B[φ
′ + φ]
]
. (4.7)
If the theory is renormalizable, we can choose the Λ0 dependence of OB such
that
lim
Λ0→∞
OΛ[φ] (4.8)
exists for any fixed Λ. Alternatively, we can impose an asymptotic condition such as
OΛ[φ] Λ→∞−→
∑
i
Λx−xici(lnΛ/µ)Oi , (4.9)
where x is the scale dimension of the composite operator OΛ, and xi is the scale
dimension of Oi, a product of derivatives of φ. At a given order in perturbation
theory, the coefficient ci is a polynomial of lnΛ/µ. If xi < x, the Λ dependence of
the coefficient of Oi is completely determined by the differential equation (4.3). For
xi = x, though, ci is left ambiguous by an additive constant independent of lnΛ/µ.
Hence, the additive constants ci(0), satisfying xi = x, parameterize the composite
operator. We will give three examples from the φ4 theory in D = 4 in subsect. 4.3.
It is important to note that if
ci(0) = 0 (4.10)
for all i such that xi = x, the operator itself vanishes
OΛ[φ] = 0 , (4.11)
due to the linearity of the differential equation (4.3) and uniqueness of its solution.
To understand the correlation functions of composite operators, let us introduce
a source J . We recall the relation (2.29) between WB and WΛ, which can be written
in the form of functional integrals as∫
[dφ] exp
[
SB[φ] +
∫
Jφ
]
=
∫
[dφ] exp
[
SΛ[φ] +
∫
K0
K
Jφ− 1
2
∫
p
K0 −K
p2 +m2
K0
K
JJ
]
. (4.12)
Changing the action infinitesimally by ∆SB = ǫOB , the Wilson action changes by
∆SΛ = ǫOΛ. Hence, we obtain∫
[dφ]OB [φ] exp
[
SB [φ] +
∫
Jφ
]
=
∫
[dφ]OΛ[φ] exp
[
SΛ[φ] +
∫
K0
K
Jφ− 1
2
∫
p
K0 −K
p2 +m2
K0
K
JJ
]
. (4.13)
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Differentiating this with respect to J ’s, we obtain∗)
〈OB φ(p1) · · · φ(pn)〉SB =
n∏
i=1
K (pi/Λ0)
K (pi/Λ)
· 〈OΛ φ(p1) · · ·φ(pn)〉SΛ . (4.14)
This is independent of Λ. If the theory is renormalizable, we can take Λ0 → ∞ to
obtain the continuum limit
〈O φ(p1) · · · φ(pn)〉∞ =
n∏
i=1
1
K (pi/Λ)
· 〈OΛ φ(p1) · · · φ(pn)〉SΛ , (4.15)
where O denotes the continuum limit of OB .
We now wish to show that (4.12) is equivalent to (4.7) as we have promised in
§2.2. In other words, the relation (4.12), between the generating functionals WB and
WΛ, is equivalent to the definition (4.7) of the Wilson action; taking an infinitesimal
change of SB and SΛ, we obtain (4.13) from (4.12), and (4.6) from (4.7). Since we
have already derived (4.12) from (4.7), we only need to derive (4.7) from (4.12). For
this purpose we use the functional Fourier inverse:
exp [SΛ[φ]] =
∫
[dJ ][dφ′] exp
[
SΛ[φ
′] +
∫
p
K0
K
J(−p) (φ′ − φ) (p)] , (4.16)
where J(−p) (or its Fourier transform in real space) is integrated along the imaginary
axis. Using (4.12) to rewrite the right-hand side, we obtain
exp [SΛ[φ]] =
∫
[dJ ][dφ′] exp
[
SB[φ
′] +
∫
J ·
(
φ′ − K0
K
φ
)
+
1
2
∫
K0 −K
p2 +m2
K0
K
JJ
]
.
(4.17)
The integral over J is gaussian, and we obtain
exp [SΛ[φ]] =
∫
[dφ′] exp
[
SB [φ
′]
−1
2
∫
(p2 +m2)
K
K0(K0 −K)
(
φ′ − K0
K
φ
)(
φ′ − K0
K
φ
)]
=
∫
[dφ′] exp
[
SI,B[φ
′]−
∫
p2 +m2
K0 −K (φ
′ − φ)(φ′ − φ)− 1
2
∫
p2 +m2
K
φφ
]
= exp
[
−1
2
∫
p2 +m2
K
φφ
] ∫
[dφ′] exp
[
SI,B[φ
′ + φ]−
∫
p2 +m2
K0 −Kφ
′φ′
]
. (4.18)
This gives (4.7).
To recapitulate, we have introduced three equivalent criteria for a functional
OΛ[φ] to be a composite operator:
1. OΛ satisfies the differential equation (4.3).
2. OΛ satisfies the integral formula (4.6) for some bare functional OB .
3. OΛ satisfies the integral formula (4.13) for some bare functional OB . (4.13) is
further equivalent to (4.14).
∗) As usual, we only consider connected correlations. In the presence of J(p) for p 6= 0, we do
not factor out the delta function for momentum conservation from the correlation functions.
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4.2. General examples
We introduce some general examples of composite operators that play important
roles in realization of symmetry.
4.2.1. [φ]Λ(p)
First of all, note that the elementary field φ(p) is not a composite operator. But
[φ]Λ(p) ≡ K0
K
φ(p) +
K0 −K
p2 +m2
δSΛ
δφ(−p)
= φ(p) +
K0 −K
p2 +m2
δSI,Λ
δφ(−p) (4
.19)
is. We can check this directly by differentiating this with respect to Λ and using the
Polchinski equation. Alternatively, we differentiate (4.12) with respect to J(−p) to
obtain∫
[dφ]φ(p) exp
[
SB[φ] +
∫
Jφ
]
=
∫
[dφ]
(
K0
K
φ(p)− K0 −K
p2 +m2
K0
K
J(p)
)
× exp
[
SΛ[φ] +
∫
K0
K
Jφ− 1
2
∫
K0 −K
p2 +m2
K0
K
JJ
]
. (4.20)
Since
K0
K
J(p)
∫
[dφ] exp
[
SΛ[φ] +
∫
K0
K
Jφ
]
=
∫
[dφ] exp [SΛ[φ]]
δ
δφ(−p) exp
[∫
K0
K
Jφ
]
= −
∫
[dφ]
δSΛ[φ]
δφ(−p) exp
[
SΛ[φ] +
∫
K0
K
Jφ
]
, (4.21)
we obtain ∫
[dφ]φ(p) exp
[
SB[φ] +
∫
Jφ
]
=
∫
[dφ]
(
K0
K
φ(p) +
K0 −K
p2 +m2
δSΛ
δφ(−p)
)
× exp
[
SΛ[φ] +
∫
K0
K
Jφ− 1
2
∫
K0 −K
p2 +m2
K0
K
JJ
]
. (4.22)
Thus, [φ]Λ(p) is a composite operator according to (4.13). Taking the limit Λ0 →∞,
we obtain [φ]Λ(p) that has the asymptotic behavior
[φ]Λ(p)
Λ→∞−→ φ(p) . (4.23)
For any n = 1, 2, · · · , we find
n∏
i=1
1
K (pi/Λ)
· 〈[φ]Λ(p)φ(p1) · · ·φ(pn)〉SΛ (4.24)
is independent of Λ.
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4.2.2. K (p/Λ) δSΛδφ(−p)
Another example is
K (p/Λ)
δSΛ
δφ(−p) . (4
.25)
To see this is a composite operator, we multiply (4.12) by J(p). An analog of (4.21)
gives, for SB ,
J(p)
∫
[dφ] exp
[
SB [φ] +
∫
Jφ
]
= −
∫
[dφ]
δSB
δφ(−p) exp
[
SB[φ] +
∫
Jφ
]
. (4.26)
Combining this with (4.21), we obtain∫
[dφ]
δSB
δφ(−p) exp
[
SB [φ] +
∫
Jφ
]
=
K
K0
∫
[dφ]
δSΛ[φ]
δφ(−p) exp
[
SΛ[φ] +
∫
K0
K
J − 1
2
∫
K0 −K
p2 +m2
K0
K
JJ
]
. (4.27)
Hence, according to (4.13), (4.25) is a composite operator. This composite operator
may be called the equation of motion operator, since
n∏
i=1
1
K (pi/Λ)
·
〈
K (p/Λ)
δSΛ
δφ(−p) φ(p1) · · · φ(pn)
〉
SΛ
= −
n∑
i=1
(2π)Dδ(D)(p + pi)
〈
φ(p1) · · · φ̂(pi) · · ·φ(pn)
〉∞
, (4.28)
where φ(pi) is omitted on the right-hand side.
4.2.3.
δSI,Λ
δφ(−p)
We find
K (p/Λ0)
δSI,Λ
δφ(−p) = (p
2 +m2) [φ]Λ (p) +K (p/Λ)
δSΛ
δφ(−p) . (4
.29)
Hence,
δSI,Λ
δφ(−p) (4
.30)
is a composite operator, since it is a sum of two composite operators.
4.2.4. K (p/Λ)
(
δOΛ
δφ(−p) +OΛ δSΛδφ(−p)
)
We next consider an arbitrary composite operator OΛ and the corresponding
bare operator OB so that the two are related by (4.13). Multiplying this by J(−p),
and integrating by parts as in (4.21) and (4.26), we obtain∫
[dφ]
(
δOB
δφ(−p) +OB
δSB
δφ(−p)
)
exp
[
SB[φ] +
∫
Jφ
]
=
K
K0
∫
[dφ]
(
δOΛ
δφ(−p) +OΛ
δSΛ
δφ(−p)
)
× exp
[
SΛ[φ] +
∫
K0
K
J − 1
2
∫
K0 −K
p2 +m2
K0
K
JJ
]
. (4.31)
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Hence, according to (4.13),
O′Λ(p) ≡ K (p/Λ)
(
δOΛ
δφ(−p) +OΛ
δSΛ
δφ(−p)
)
(4.32)
is a composite operator.
The correlation functions of O′Λ is given in terms of those of OΛ:〈O′Λ(p)φ(p1) · · · φ(pn)〉SΛ
= K (p/Λ)
∫
[dφ]φ(p1) · · ·φ(pn) δ
δφ(−p) (OΛ[φ] exp [SΛ[φ]])
= −
n∑
i=1
(2π)Dδ(D)(p + pi)K (pi/Λ)
〈
OΛ(p)φ(p1) · · · φ̂(pi) · · ·φ(pn)
〉
SΛ
, (4.33)
where φ(pi) is absent on the right-hand side. Divided by
∏n
i=1K (pi/Λ), this becomes
independent of Λ.
We may call O′Λ a generalized equation of motion operator, since O′Λ = 1 gives
the equation of motion operator K (p/Λ) δSΛδφ(−p) .
4.2.5. δSΛ[φ;J ]δJ(−p)
Suppose that the Wilson action depends on a classical external field J , which is
not necessarily coupled linearly to the field φ, so that we may not have an explicit
formula such as (2.37). We find that the derivative with respect to the external field
δSΛ[φ;J ]
δJ(−p) =
δSI,Λ[φ;J ]
δJ(−p) (4
.34)
is a composite operator, since the derivative can be regarded as an infinitesimal
deformation of the Wilson action. We indeed find that
n∏
i=1
1
K (pi/Λ)
·
〈
δSΛ[φ;J ]
δJ(−p) φ(p1) · · · φ(pn)
〉
SΛ
=
δ
δJ(−p)
n∏
i=1
1
K (pi/Λ)
· 〈φ(p1) · · ·φ(pn)〉SΛ (4.35)
is independent of Λ. Hence, substituting OΛ = δSΛ[φ;J ]δJ(−p) into (4.32), we obtain
K (q/Λ)
{
δSΛ[φ;J ]
δJ(−p)
δSΛ[φ;J ]
δφ(q)
+
δ2SΛ[φ;J ]
δJ(−p)δφ(q)
}
(4.36)
is a composite operator. The composite operators Σ and Σ¯ which play important
roles for realization of symmetry are given in this form. (See sects. 5 & 7.)
4.2.6. δOΛ[φ;J ]δJ(−p) +OΛ[φ;J ]
δSI,Λ[φ;J ]
δJ(−p)
Let us give one more example from a Wilson action in the presence of J . Given
a composite operator satisfying
OΛ[φ;J ] exp [SI,Λ[φ;J ]] =
∫
[dφ′]OB [φ+ φ′;J ]
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× exp
[
−1
2
∫
p
p2 +m2
K0 −K + SI,B[φ+ φ
′;J ]
]
, (4.37)
we differentiate this with respect to J(−p) to find that
δOΛ[φ;J ]
δJ(−p) +OΛ[φ;J ]
δSI,Λ[φ;J ]
δJ(−p) (4
.38)
is also a composite operator according to (4.6). By choosing OΛ = K (q/Λ) δSΛ[φ;J ]δφ(q)
as the equation of motion operator, we obtain (4.36) again.
4.2.7. Summary
To summarize, we have introduced the composite operators of the following
types:
composite operator
[φ]Λ(p) defined by (4.19)
K (p/Λ) δSΛ/δφ(−p), the equation of motion
δSI,Λ/δφ(−p), a linear combination of the above two
K (p/Λ) (δOΛ/δφ(−p) +OΛδSΛ/δφ(−p)), generalized equation of motion
δSΛ/δJ(−p), for an arbitrary external source J
δOΛ/δJ(−p) +OΛδSI,Λ/δJ(−p)
Table IV. Various types of composite operators
4.3. Composite operators defined by their asymptotic behaviors
In this subsection, we give three concrete examples specifically from the φ4 theory
in D = 4. Since the theory is renormalizable, we can introduce composite operators
by specifying their asymptotic behaviors.
(i) [φ2/2]Λ is defined by the differential equation (4.3) and the asymptotic condition[
φ2
2
]
Λ
(p)
Λ→∞−→ b(lnΛ/µ)1
2
∫
q
φ(q)φ(p − q) . (4.39)
The normalization is determined by the value b(0). For example, we can take
b(0) = 1 . (4.40)
If we choose b(0) = 0, then the operator vanishes identically.
(ii) The dimension 4 operator [φ4/4!]Λ with zero momentum has the following
asymptotic behavior[
φ4
4!
]
Λ
(0)
Λ→∞−→ d(lnΛ/µ) 1
4!
∫
p1,p2,p3
φ(p1)φ(p2)φ(p3)φ(−p1 − p2 − p3)
+
1
2
∫
p
φ(p)φ(−p){Λ2a(lnΛ/µ) +m2b(lnΛ/µ) + p2c(lnΛ/µ)} , (4.41)
where d(0), b(0), c(0) parameterize the operator. As a simplest choice, we can
take
d(0) = 1, b(0) = c(0) = 0 . (4.42)
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(iii) A related composite operator [12∂µφ∂µφ](0) can be defined by
c(0) = 1, b(0) = d(0) = 0 . (4.43)
If we choose b(0) = c(0) = d(0) = 0, the operator vanishes.
Any scalar composite operator OΛ of dimension 4 with zero momentum is given as
a linear combination
OΛ = c1m2
[
φ2
2
]
Λ
(0) + c2
[
φ4
4!
]
Λ
(0) + c3
[
1
2
∂µφ∂µφ
]
(0) , (4.44)
where the coefficients c1,2,3 are independent of Λ.
4.4. 1PI composite operators
We recall from §4.1 that a composite operator OΛ[φ] is an infinitesimal change
of the interaction action SI,Λ. Let O1PIΛ [Φ] be the corresponding infinitesimal change
in the effective average action ΓB,Λ[Φ]. Using the general relations (2.73) and (2.79),
we obtain
O1PIΛ [Φ] = OΛ[φ] , (4.45)
where Φ is given by (2.85)
Φ(p) =
K0
K
φ(p) +
K0 −K
p2 +m2
δSΛ
δφ(−p) . (4
.46)
We immediately notice that Φ, which has been introduced for the Legendre trans-
formation, coincides with the composite operator [φ]Λ defined by (4.19):
Φ(p) = [φ]Λ(p) . (4.47)
Since Φ and φ are identical asymptotically, we find that in renormalized theories
OΛ[φ] and O1PIΛ [Φ] have the same asymptotic behaviors:{
OΛ[φ] Λ→∞−→
∑
i Λ
x−xici(lnΛ/µ)Oi[φ] ,
O1PIΛ [Φ] Λ→∞−→
∑
i Λ
x−xici(lnΛ/µ)Oi[Φ] ,
(4.48)
where φ is fixed for OΛ, and Φ for O1PIΛ .
The Λ dependence of O1PIΛ for fixed Φ can be obtained easily from the Wetterich
equation (2.108). Varying the effective average action infinitesimally by O1PIΛ [Φ], we
obtain
−Λ ∂
∂Λ
O1PIΛ [Φ] = −
1
2
∫
p,q,r
(
−Λ ∂
∂Λ
RΛ(p)
)
×
(
Γ
(2)
B,Λ
)−1
(p,−q) δ
2O1PIΛ [Φ]
δΦ(−q)δΦ(r)
(
Γ
(2)
B,Λ
)−1
(r,−p) , (4.49)
where we have used the following formula for an infinitesimal variation:
δ
(
Γ
(2)
B,Λ
)−1
(p,−p) = −
∫
q,r
(
Γ
(2)
B,Λ
)−1
(p,−q) · δΓ (2)B,Λ(q,−r) ·
(
Γ
(2)
B,Λ
)−1
(r,−p) .
(4.50)
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The simplest example satisfying the above differential equation is
O1PIΛ [Φ] = Φ(p) , (4.51)
for which the right-hand side of (4.49) vanishes. Φ(p) has no Λ dependence as a
functional of Φ; regarding this as a functional of φ, however, this has non-trivial Λ
dependence as given by (4.46).
Realization of symmetry in the ERG approach 51
§5. Realization of symmetry by WT identity
5.1. WT identity in the continuum limit
In the continuum limit, the Ward-Takahashi (WT) identity for continuous sym-
metry is given in the following form:
n∑
i=1
〈φ(p1) · · · O(pi) · · · φ(pn)〉∞ = 0 , (5.1)
whereO(p) is a composite operator, giving an infinitesimal symmetry transformation
of the elementary field φ(p).
We wish to realize the above WT identity in the ERG formalism as an invariance
of the Wilson action. Denoting by OΛ(p) a composite operator that gives O(p) in
the continuum limit, we consider an infinitesimal transformation of the elementary
field as
δφ(p) = K (p/Λ) OΛ(p) . (5.2)
As we will explain shortly, the change of the Wilson action under the above trans-
formation is given by the WT composite operator:
ΣΛ ≡
∫
p
K (p/Λ)
(
OΛ(p) δSΛ
δφ(p)
+
δOΛ(p)
δφ(p)
)
. (5.3)
This is a composite operator of type (4.32), integrated over momentum p. Hence,
its correlation functions are given by
〈ΣΛ φ(p1) · · · φ(pn)〉∞ =
n∑
i=1
〈φ(p1) · · · OΛ(pi) · · · φ(pn)〉∞ . (5.4)
Therefore, the WT identity is equivalent to the vanishing of the WT composite
operator ΣΛ:
ΣΛ = 0 . (5.5)
The WT operator (5.3) is easy to understand. The first part of ΣΛ∫
p
K (p/Λ)OΛ(p) δSΛ
δφ(p)
(5.6)
denotes the change of the Wilson action under the infinitesimal transformation (5.2).
The second part ∫
p
K (p/Λ)
δOΛ(p)
δφ(p)
(5.7)
denotes the contribution of the transformation (5.2) to the jacobian. Hence, (5.3)
is the “quantum” change of the Wilson action, and (5.5) amounts to the quantum
invariance.
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Let us consider ΣΛ further. This is determined by SΛ and OΛ. Recall how SΛ
and OΛ are determined in renormalizable theories. The interaction part SI,Λ of the
Wilson action is determined by the Polchinski equation
−Λ ∂
∂Λ
SI,Λ =
∫
p
∆(p/Λ)
p2 +m2
1
2
{
δSI,Λ
δφ(−p)
δSI,Λ
δφ(p)
+
δ2SI,Λ
δφ(−p)δφ(p)
}
, (5.8)
and its asymptotic behavior. For example, for the φ4 theory in D = 4, the Wilson
action SI,Λ is specified uniquely by the additive constants b2(0), c2(0), a4(0) in the
asymptotic behavior:
SI,Λ
Λ→∞−→
∫
d4x
[(
Λ2a2(lnΛ/µ) +m
2b2(lnΛ/µ)
) 1
2
φ2
+c2(lnΛ/µ)
1
2
∂µφ∂µφ+ a4(lnΛ/µ)
1
4!
φ4
]
. (5.9)
Similarly, the composite operator OΛ is determined by the ERG linear differential
equation:
−Λ ∂
∂Λ
OΛ =
∫
p
∆(p/Λ)
p2 +m2
{
δSI,Λ
δφ(−p)
δ
δφ(p)
+
1
2
δ2
δφ(−p)δφ(p)
}
OΛ , (5.10)
and its asymptotic behavior:
OΛ Λ→∞−→
∑
i
Λx−xidi(lnΛ/µ)Oi , (5.11)
where x ≥ xi, andOi is a local polynomial of φ and its derivatives.∗) OΛ is completely
determined by di(0) for those i satisfying xi = x.
Let ci(0) (i = 1, · · · , N) be the generic parameters of the Wilson action, and
di(0) (i = 1, · · · ,K) be those of the composite operator OΛ, so that the theory has
altogether N +K parameters that we can adjust. We call the theory symmetric if
we can adjust these parameters so that
ΣΛ = 0 . (5.12)
Note that ΣΛ itself is a composite operator that satisfies the linear ERG differential
equation. So, if we show
lim
Λ→∞
ΣΛ = 0 , (5.13)
then it vanishes for any finite Λ.
Let us go over perturbative construction. We expand the parameters in the
number of loops:
ci(0) =
∞∑
l=0
c
(l)
i , di(0) =
∞∑
l=0
d
(l)
i . (5
.14)
∗) Oi may also contain a product of mass parameters such as m
2 of the φ4 theory.
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Let us also expand SI,Λ and ΣΛ in loops:
SI,Λ =
∞∑
l=0
S
(l)
I,Λ , ΣΛ =
∞∑
l=0
Σ
(l)
Λ . (5
.15)
Suppose ΣΛ = 0 is made to vanish up to l-loop
Σ
(0)
Λ = · · · = Σ(l)Λ = 0 (5.16)
by adjusting ci(0), di(0) also up to l-loop. Under this assumption, we consider if we
can make Σ
(l+1)
Λ vanish by choosing c
(l+1)
i , d
(l+1)
i appropriately.
Due to the induction hypothesis, Σ
(l+1)
Λ satisfies the ERG differential equation
−Λ ∂
∂Λ
Σ
(l+1)
Λ =
∫
p
∆(p/Λ)
p2 +m2
δS
(0)
I,Λ
δφ(−p)
δΣ
(l+1)
Λ
δφ(p)
. (5.17)
Since for fixed momentum p
∆(p/Λ)
Λ→∞−→ 0 , (5.18)
we find that the right-hand side vanishes and that Σ
(l+1)
Λ is independent of Λ for
large Λ:
Σ
(l+1)
Λ
Λ→∞−→
∑
i
s
(l+1)
i Oi , (5.19)
where s
(l+1)
i is independent of Λ, and Oi is a local polynomial of φ and its deriva-
tives.∗) The scale dimension of Oi must be the same as that of ΣΛ.
On the other hand, from the definition (5.3), we obtain
Σ
(l+1)
Λ =
∫
p
K (p/Λ)

O(l+1)Λ δS
(0)
I,Λ
δφ(p)
+O(0)Λ
δS
(l+1)
I,Λ
δφ(p)


+
∫
p
K (p/Λ)

 l∑
k=1
O(l+1−k)Λ
δS
(k)
I,Λ
δφ(p)
+
δO(l)Λ
δφ(p)

 . (5.20)
Only the first integral depends on the (l+ 1)-loop parameters c
(l+1)
i , d
(l+1)
i . The de-
pendence is linear. Asymptotically, neither S
(0)
I,Λ nor O(0)Λ has Λ dependence. Hence,
the part of Σ
(l+1)
Λ that depends on c
(l+1)
i , d
(l+1)
i are independent of Λ. For large Λ,
the Λ dependence of the first integral cancels that of the second integral, and we find
that si of (5.19) is written as the sum
s
(l+1)
i = t
(l+1)
i + u
(l+1)
i . (5
.21)
∗) Oi may contain a product of mass parameters such as m
2 of the φ4 theory which has scale
dimension 2.
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Here, ti is linear in c
(l+1)’s and d(l+1)’s with l-independent constant coefficients:
t
(l+1)
i =
N∑
j=1
Aij c
(l+1)
j +
K∑
j=1
Bij d
(l+1)
j . (5
.22)
u
(l+1)
i denotes the contribution from the second integral of (5
.20), and is determined
only by the lower loop coefficients.
Whether or not we can choose c(l+1)’s and d(l+1)’s so that
s
(l+1)
i = 0 (5
.23)
must be examined case by case, and cannot be answered in general. In §6, we discuss
four concrete examples. In the cases of QED, the Wess-Zumino model, and the two
dimensional O(N) non-linear sigma model, we can prove the possibility of realizing
(5.23). In the case of YM theories we can also satisfy (5.23), but the possibility cannot
be proven within the present formalism; we must resort to the antifield formalism
of §7. In general, if a symmetry present at the tree level cannot be extended to
arbitrary loop levels, we call the symmetry anomalous. The anomaly is expressed
by the non-vanishing ΣΛ. We discuss how the axial and chiral anomalies arise in the
ERG formalism in §9.
5.2. WT identity for the bare action
In the previous subsection we have discussed the Wilson action in the continuum
limit, and shown how to satisfy the Ward-Takahashi identity by adjusting renormal-
ized parameters. The symmetry is checked with the Wilson action, but not with the
correlation functions, which correspond to the Wilson action in the limit of Λ → 0.
The advantage of our method is twofold:
1. No problem with massless theories — Low momentum modes are crucially im-
portant for the manifestation of the underlying symmetry of the theory. But
they are totally irrelevant to the question of the existence of the underlying
symmetry. By keeping the cutoff Λ non-vanishing, we stay away safely from
the low momentum modes. Massless theories cause no problem, since we never
look at the correlation functions.
2. Only a few parameters to deal with —We examine the vanishing of the compos-
ite operator ΣΛ for large Λ. The existence of symmetry is a matter of adjusting
a few parameters, if it is possible.
In the following we ask if it is possible to realize symmetry using the bare action
SB with a large cutoff Λ0. Under the symmetry transformation
δφ(p) = K (p/Λ0)OB [φ](p) (5.24)
the bare action changes by
ΣB ≡
∫
p
K (p/Λ0)
(
δSB
δφ(p)
OB [φ](p) + δ
δφ(p)
OB [φ](p)
)
. (5.25)
If the symmetry exists, the above must vanish. Since we are only interested in the
continuum limit, we only demand ΣB to vanish in the continuum limit Λ0 → ∞.
But what does it mean that ΣB vanishes in the limit?
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Unless it vanishes identically, it is very difficult to see if ΣB vanishes or not. To
see if it vanishes, we must lower the cutoff from Λ0 to a finite Λ, and take the limit
Λ0 →∞ while fixing Λ. In other words, we must look at ΣΛ, defined by
ΣΛ exp [SI,Λ[φ]] =
∫
[dφ′]ΣB [φ+ φ
′] exp
[
−1
2
∫
p
p2 +m2
K0 −Kφ
′φ′ + SI,B[φ+ φ
′]
]
,
(5.26)
and check if we can make it vanish in the limit Λ0 →∞.
In realizing symmetry in the continuum limit, it is difficult to use the bare action
SB and bare WT operator ΣB. To appreciate this difficulty, let us consider a bare
operator
OB ≡ m
2
Λ20
φ4
4!
(5.27)
in the φ4 theory in D = 4. Naively, this operator appears to vanish in the limit
Λ0 → ∞. But that is false. Lowering the cutoff from Λ0 to Λ, we obtain the
following 1-loop correction to OΛ:
O(1)Λ = m2c(lnΛ0/µ)
φ2
2
+ · · · , (5.28)
where
c(lnΛ0/µ) =
1
Λ20
∫
p
K0 −K
p2 +m2
≃
∫
p
K(p)
p2
= const . (5.29)
This does not vanish even in the limit Λ0 →∞. Hence, the small coefficient propor-
tional to 1
Λ20
in OB is misleading.
Thus, in general it is difficult to judge the existence of symmetry from the bare
action and its transformation property, unless the bare action is exactly invariant,
i.e., the symmetry is manifest. We must lower the cutoff from Λ0 to a finite fixed value
Λ. We have already pointed out the potential problem with choosing Λ = 0. Thus,
we advocate the examination of symmetry using a Wilson action at non-vanishing
Λ.
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§6. Examples
In this section we give a few examples to apply the formalism introduced in the
previous section and realize symmetry as the WT identity (5.5).
6.1. QED
The WT identities of QED have been discussed using the ERG formalism in
various references such as 27), 92), 107) to name only a few. Our presentation here
follows closely that of 107).∗)
The classical action of QED is given by
Scl ≡
∫
d4x
[
−1
2
∂µAν∂µAν +
1
2
(1− 1/ξ) (∂µAµ)2 − ∂µc¯∂µc
−ψ¯
(
1
i
∂/ + im
)
ψ + eψ¯A/ψ
]
, (6.1)
where ξ is a gauge fixing parameter, and c, c¯ are the free Faddeev-Popov ghost,
antighost fields. The action is invariant under the classical BRST transformation:

δǫAµ = ǫ
1
i ∂µc ,
δǫc = 0 ,
δǫc¯ = ǫ
1
ξ
1
i ∂µAµ ,
δǫψ = eǫcψ ,
δǫψ¯ = −eǫcψ¯ ,
(6.2)
where ǫ is an arbitrary anticommuting constant. In the following we quantize this
system using the ERG formalism.
The Wilson action of QED is given as the sum of free and interacting parts:
SΛ = SF,Λ + SI,Λ , (6.3)
where the free action is given by
SF,Λ = −1
2
∫
k
1
K (k/Λ)
(
k2δµν − (1− 1/ξ) kµkν
)
Aµ(−k)Aν(k)
−
∫
k
k2
K (k/Λ)
c¯(−k)c(k) −
∫
p
1
K (p/Λ)
ψ¯(−p) (p/ + im)ψ(p) . (6.4)
Here, we have chosen the same cutoff function for all the fields; it is for the sake of
simplicity, and by no means necessary. The cutoff propagators are given by

〈Aµ(k)Aν(−k)〉SF,Λ =
K(k/Λ)
k2
(
δµν − (1− ξ)kµkνk2
)
,
〈c(k)c¯(−k)〉SF,Λ =
K(k/Λ)
k2
,〈
ψ(p)ψ¯(−p)〉
SF,Λ
= K(p/Λ)
p/+im
.
(6.5)
∗) For scalar QED, the ERG formalism was first applied in 97).
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The ghost and antighost fields are free, and the interaction action depends only
on Aµ, ψ, ψ¯. The Polchinski equation is given by
−Λ ∂
∂Λ
SI,Λ
=
∫
k
∆(k/Λ)
k2
(
δµν − (1− ξ)kµkν
k2
)
· 1
2
{
δSI,Λ
δAµ(−k)
δSI,Λ
δAν(k)
+
δ2SI,Λ
δAµ(−k)δAν(k)
}
−
∫
p
∆(p/Λ)
p2 +m2
Tr (p/− im)
[ −→
δ
δψ¯(−p)SI,Λ · SI,Λ
←−
δ
δψ(p)
+
−→
δ
δψ¯(−p)SI,Λ
←−
δ
δψ(p)
]
,(6.6)
where the minus sign before the second integral is due to the Fermi statistics. The
asymptotic behavior of SI,Λ is given in the following form:
SI,Λ
Λ→∞−→
∫
d4x
[(
Λ2a2(lnΛ/µ) +m
2b2(lnΛ/µ)
) 1
2
A2µ
+c2(lnΛ/µ)
1
2
∂µAν∂µAν + d2(lnΛ/µ)
1
2
(∂µAµ)
2
+a4(lnΛ/µ)
1
4!
(
A2µ
)2
+af (lnΛ/µ)ψ¯
1
i
∂/ψ + bf (lnΛ/µ)imψ¯ψ
+a3(lnΛ/µ)ψ¯A/ψ
]
. (6.7)
Hence, the theory has 7 parameters:
b2(0), c2(0), d2(0), af (0), bf (0), a3(0), a4(0) . (6.8)
Out of these, three are unphysical, since they only change normalization of the
fields and the mass parameter m. So, we can arbitrarily impose the normalization
condition
c2(0) = af (0) = bf (0) = 0 . (6.9)
This leaves us four arbitrary parameters:
b2(0), d2(0), a3(0), a4(0) . (6.10)
We will show how to fix these for the theory to become QED.
The quantum BRST transformation is defined by

δAµ(k) = kµǫc(k) ,
δc(k) = 0 ,
δc¯(−k) = ǫ1ξkµ[Aµ]Λ(−k) ,
δψ(p) = e
∫
k ǫc(k)[ψ]Λ(p − k) ,
δψ¯(−p) = −e ∫k ǫc(k)[ψ¯]Λ(−p− k) ,
(6.11)
where e is the gauge coupling. We have introduced an anticommuting constant
ǫ so that the transformation preserves the statistics of the fields. The composite
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operators [Aµ]Λ, [ψ]Λ, [ψ¯]Λ are defined by

[Aµ]Λ (−k) ≡ 1K(k/Λ)Aµ(−k) + 1−K(k/Λ)k2
(
δµν − (1− ξ)kµkνk2
)
δSΛ
δAν(k)
,
[ψ]Λ (p) ≡ 1K(p/Λ)ψ(p) + 1−K(p/Λ)p/+im
−→
δ
δψ¯(−p)
SΛ ,[
ψ¯
]
Λ
(−p) ≡ 1K(p/Λ) ψ¯(−p) + SΛ
←−
δ
δψ(p)
1−K(p/Λ)
p/+im
.
(6.12)
The corresponding WT composite operator is
ΣΛ ≡
∫
k
K (k/Λ)
[
δSΛ
δAµ(k)
δAµ(k) + δc¯(−k)
−→
δ
δc¯(−k)SΛ
]
+
∫
p
K (p/Λ)
[
SΛ
←−
δ
δψ(p)
δψ(p) − Tr δψ(p)
←−
δ
δψ(p)
+δψ¯(−p)
−→
δ
δψ¯(−p)SΛ − Tr
−→
δ
δψ¯(−p)δψ¯(−p)
]
. (6.13)
For the Wilson action to be invariant under the BRST transformation (6.11), this
must vanish.
Substituting the transformation (6.11) into the above, we obtain∗)
ΣΛ = ǫ
∫
k
c(k)
{
kµ
δSI,Λ
δAµ(k)
− Φ(−k)
}
, (6.14)
where
Jµ(−k) ≡ δSI,Λ
δAµ(k)
(6.15)
is a composite operator of type (4.30), and denotes an electric current. Φ is a
composite operator of type (4.32) defined by
Φ(−k) ≡ e
∫
p
K (p/Λ) Tr
[
[ψ]Λ(p− k) · SΛ
←−
δ
δψ(p)
+ [ψ]Λ(p − k)
←−
δ
δψ(p)
]
−e
∫
p
K (p/Λ) Tr
[ −→
δ
δψ¯(−p)SΛ · [ψ¯]Λ(−p− k) +
−→
δ
δψ¯(−p) [ψ¯]Λ(−p− k)
]
.(6.16)
Thus, the WT identity is equivalent to the operator identity:
kµJµ(−k) = Φ(−k) (6.17)
for arbitrary k. This equation is valid if and only if the asymptotic behaviors of the
both hand sides match.
∗) It is straightforward and not tedious.
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The asymptotic behavior of the left-hand side is obtained from (6.7) as
kµJµ(−k) Λ→∞−→
(
Λ2a2(lnΛ/µ) +m
2b2(lnΛ/µ) + k
2(c2 + d2)(lnΛ/µ)
)
kµAµ(−k)
+a3(lnΛ/µ)
∫
p
ψ¯(−p− k)k/ψ(p)
+a4(lnΛ/µ)
1
2
∫
k1,k2
Aν(k1)Aν(k2)kµAµ(−k − k1 − k2) . (6.18)
To obtain the asymptotic behavior of Φ(−k), we first note that Φ(−k) vanishes
at k = 0 due to the fermion number conservation. For k = 0, substituting the
definition of the composite operators, we obtain
Φ(0) = e
∫
p
[
−SΛ
←−
δ
δψ(p)
ψ(p) + ψ¯(−p)
−→
δ
δψ¯(−p)SΛ
]
. (6.19)
Since SΛ contains the same number of ψ’s and ψ¯’s, this vanishes:
Φ(0) = 0 . (6.20)
Therefore, Φ(−k) is a total derivative. Hence, its asymptotic behavior must be
proportional to k. Since Φ has dimension 4, the most general form is given by
Φ(−k) Λ→∞−→ (Λ2a¯2(lnΛ/µ) +m2b¯2(lnΛ/µ) + k2d¯2(lnΛ/µ)) kµAµ(−k)
+a¯3(lnΛ/µ)
∫
p
ψ¯(−p− k)k/ψ(p)
+a¯4(lnΛ/µ)
1
2
∫
k1,k2
Aν(k1)Aν(k2)kµAµ(−k − k1 − k2) . (6.21)
It is crucial that this has the same form as the asymptotic behavior of kµJµ(−k).
Thus, the WT identity is equivalent to the following four equations:

b2(0) = b¯2(0) ,
d2(0) = d¯2(0) ,
a3(0) = a¯3(0) ,
a4(0) = a¯4(0) ,
(6.22)
where we have used the normalization condition c2(0) = 0. If the right-hand sides do
not depend on b2(0), d2(0), a3(0), a4(0), we can use the above equations to determine
these parameters.
To show that the above equations can be solved uniquely, we must examine
the asymptotic behavior of Φ(−k) further. Splitting the action into the free and
interaction parts, we can rewrite
Φ(−k) = e
∫
p
K (p/Λ)
[
−SΛ
←−
δ
δψ(p)
[ψ]Λ(p− k) + [ψ¯]Λ(−p− k)
−→
δ
δψ¯(−p)SΛ
]
+e
∫
p
TrU(−p− k, p)
−→
δ
δψ¯(−p)SI,Λ
←−
δ
δψ(p + k)
, (6.23)
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µ
k
p+kp
Fig. 19. The broken curve gives eU (6.24).
where
U(−p− k, p) ≡ K (p+ k/Λ) 1−K (p/Λ)
p/ + im
− 1−K ((p+ k)/Λ)
p/ + k/ + im
K (p/Λ) . (6.24)
It is straightforward to obtain the asymptotic behavior of the first integral on the
right-hand side:
e
∫
p
K (p/Λ)
[
−SΛ
←−
δ
δψ(p)
[ψ]Λ(p− k) + [ψ¯]Λ(−p− k)
−→
δ
δψ¯(−p)SΛ
]
Λ→∞−→ e (1− af (lnΛ/µ))
∫
p
ψ¯(−p− k)k/ψ(p) . (6.25)
Since af (0) = 0 by the normalization condition, we find that the above contributes
e to a¯3(0), and nothing at all to b¯2(0), d¯2(0), a¯4(0).
We now introduce the loop expansions of the coefficients:

b2(0) =
∑∞
l=1 b
(l)
2 ,
d2(0) =
∑∞
l=1 d
(l)
2 ,
a3(0) = e+
∑∞
l=1 a
(l)
3 ,
a4(0) =
∑∞
l=1 a
(l)
4 ,


b¯2(0) =
∑∞
l=1 b¯
(l)
2 ,
d¯2(0) =
∑∞
l=1 d¯
(l)
2 ,
a¯3(0) = e+
∑∞
l=1 a¯
(l)
3 ,
a¯4(0) =
∑∞
l=1 a¯
(l)
4 ,
(6.26)
where each term of the series is a function of e and ξ. The sum is over 1- and higher-
loop contributions; we have fixed the tree level of a3(0) to satisfy the WT identity
(6.22) at tree level.
Now, let us suppose we have fixed b2(0), d2(0), a3(0), a4(0) up to l-loop level
by the WT identity (6.22). This fixes SI,Λ up to l-loop level. Using this, we
can compute (6.23) up to (l+1)-loop level, where the extra loop is provided by
the integral over p for the second integral. Then, using (6.22), we can determine
b
(l+1)
2 , d
(l+1)
2 , a
(l+1)
3 , a
(l+1)
4 unambiguously. We can repeat this procedure to all or-
ders. This is how we can construct QED perturbatively.
We end this subsection by giving concrete 1-loop calculations. We need to eval-
uate the second integral on the right-hand side of (6.23). We only need the tree level
vertex eγµ and the definition (6.24) of U for the calculations.
(i) b
(1)
2 , d
(1)
2 — The corresponding Feynman graph is given by Fig. 19.∫
p
Tr eγµeU(−p− k, p)
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µν
Fig. 20. The solid curve gives a high-momentum photon propagator.
Λ→∞−→ e2kµ
[
−2Λ2
∫
p
1
q2
∆(q) (1−K(q)) +
(
m2 +
k2
3
)∫
p
∆(p)
p4
]
=
(
Λ2a
(1)
2 +m
2b
(1)
2 + k
2d
(1)
2
)
kν . (6.27)
Using the integral formula (3.14), we obtain
b
(1)
2 =
2e2
(4π)2
, d
(1)
2 =
2e2
3(4π)2
. (6.28)
We also obtain
a
(1)
2 = −2e2
∫
p
∆(p) (1−K(p))
p2
, (6.29)
which is a constant dependent on the choice of K.
(ii) a
(1)
3 — The corresponding Feynman graph is given by Fig. 20.
(−)
∫
q
eγµeU(−q − k, q)eγν
×1−K ((q − p)/Λ)
(q − p)2
(
δµν − (1− ξ)(q − p)µ(q − p)ν
(q − p)2
)
(6.30)
Λ→∞−→ −e3k/
∫
q
1
q4
{
ξK(q)(1 −K(q))2 + 3− ξ
4
(1−K(q))∆(q)
}
= a
(1)
3 k/ ,
where the first minus sign is due to the interchange of ψ(p) and ψ¯(−p − k).
Hence, we obtain
a
(1)
3 = −e3
(
ξ
∫
q
K(1−K)2
q4
+
3− ξ
4(4π)2
)
. (6.31)
(iii) a
(1)
4 — The corresponding Feynman graph is given by Fig. 21. Writing k3 =
−k − k1 − k2, we obtain∫
p
Tr eγαeU(−p − k, p)eγγ 1−K ((q − k3)/Λ)
q/− k/3 + im
eγβ
1−K ((q − k2 − k3)/Λ)
q/− k/2 − k/3
+(5 permutations)
Λ→∞−→ (kαδβγ + kβδγα + kγδαβ) 2e4
∫
p
∆(q)
q4
(1−K(q))2
= (kαδβγ + kβδγα + kγδαβ) a
(1)
4 . (6
.32)
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Fig. 21. The solid line gives a high-momentum electron propagator.
Hence, we obtain
a
(1)
4 =
4
3
e4
(4π)2
. (6.33)
It is interesting to note the presence of a2, b2, a4. The first and second are photon
mass terms, and the third is a four-photon coupling. These break the invariance of
the action under the classical BRST transformation (6.2). As has been emphasized
in §5, the theory has full gauge (or BRST) invariance, but it requires order-by-order
fine tuning, and is not realized manifestly.
6.2. Yang-Mills theories
In the ERG framework YM theories have been discussed usually in the antifield
formalism explained in §7. We give relevant references at the beginning of §8.2.
The classical action of a generic YM theory is given by
Scl =
∫
d4x
[
−1
4
(
F aµν
)2 − 1
2ξ
(
∂µA
a
µ
)2 − ∂µc¯a (Dµc)a
]
, (6.34)
where the field strength is defined by
F aµν ≡ ∂µAaν − ∂νAaµ − gfabcAbµAcν , (6.35)
and the covariant derivative is defined by
(Dµc)
a ≡ ∂µca − gfabcAbµcc . (6.36)
fabc is a totally antisymmetric structure constant of whatever gauge group under
consideration, satisfying the Jacobi identity
fabdfdce + f bcdfdae + f cadfdbe = 0 . (6.37)
The classical action is invariant under the following classical BRST transformation:

δǫA
a
µ = ǫ
1
i (Dµc)
a ,
δǫc
a = ǫ g2if
abccbcc ,
δǫc¯
a = ǫ1ξ
1
i ∂µA
a
µ ,
(6.38)
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where ǫ is an arbitrary anticommuting constant. Transforming twice, we obtain

δηδǫA
a
µ = 0 ,
δηδǫc
a = 0 ,
δηδǫc¯
a = −ǫη 1ξ∂µ (Dµc)a .
(6.39)
The last one vanishes by the ghost equation of motion
∂µ (Dµc)
a = 0 . (6.40)
In the following we quantize the system using the ERG formalism.∗)
The Wilson action is given as the sum of free and interacting parts:
SΛ = SF,Λ + SI,Λ , (6.41)
where the free action is given by
SF,Λ = −1
2
∫
k
1
K (k/Λ)
(
k2δµν − (1− 1/ξ) kµkν
)
Aaµ(−k)Aaν(k)
−
∫
k
k2
K (k/Λ)
c¯a(−k)ca(k) . (6.42)
Hence, the cutoff propagators are given by

〈
Aaµ(k)A
b
ν(−k)
〉
SF,Λ
= δab K(k/Λ)
k2
(
δµν − (1− ξ)kµkνk2
)
,〈
ca(k)c¯b(−k)〉
SF,Λ
= δab K(k/Λ)
k2
.
(6.43)
The Polchinski equation for the interaction action is given by
−Λ ∂
∂Λ
SI,Λ
=
∫
k
∆(k/Λ)
k2
(
δµν − (1− ξ)kµkν
k2
)
· 1
2
{
δSI,Λ
δAaµ(−k)
δSI,Λ
δAaν(k)
+
δ2SI,Λ
δAaµ(−k)δAaν(k)
}
+
∫
k
∆(k/Λ)
k2
(
SI,Λ
←−
δ
δca(k)
·
−→
δ
δc¯a(−k)SI,Λ −
−→
δ
δc¯a(−k)SI,Λ
←−
δ
δca(k)
)
. (6.44)
The possible asymptotic behavior depends on the gauge group. For simplicity we
consider only the group SU(2). For SU(2), the structure constant fabc becomes the
familiar antisymmetric symbol ǫabc, where the indices run from 1 to 3. It satisfies
ǫabcǫcde = δadδce − δaeδcd . (6.45)
∗) We can make the classical BRST transformation nilpotent by introducing an auxiliary field
Ba, equal to 1
ξ
1
i
∂µA
a
µ by the equation of motion. We do not do it here because B
a does not help
the perturbative construction described here and in §8.2. In §11, however, we introduce Ba in order
to keep the bare action S¯B at most linear in the antifields.
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The asymptotic behavior of the interaction action is now given in the following form:
SI,Λ
Λ→∞−→
∫
d4x
[
Λ2a0(lnΛ/µ)
1
2
(
Aaµ
)2
+a1(lnΛ/µ)
1
2
(∂µA
a
ν)
2 + a2(lnΛ/µ)
1
2
(
∂µA
a
µ
)2
+a3(lnΛ/µ)gǫ
abc∂µA
a
ν · AbµAcν
+a4(lnΛ/µ)
g2
4
(
AaµA
a
µ
)2
+ a5(lnΛ/µ)
g2
4
(
AaµA
a
ν
)2
−a6(lnΛ/µ)∂µc¯a∂µca − a7(lnΛ/µ)gǫabc∂µc¯aAbµcc
]
. (6.46)
Note that the action depends only on the derivative of the antighost field c¯a; this
property certainly holds for the tree level action, and it is further inherited by the
Wilson action, since the property is preserved by the Polchinski equation. Hence,
besides the gauge coupling g, the theory has 7 parameters:
a1(0), a2(0), a3(0), a4(0), a5(0), a6(0), a7(0) . (6.47)
At tree level, we obtain
a3(0) = 1, a4(0) = −1, a5(0) = 1, a7(0) = −1, (6.48)
and the rest vanishing.
Let us now consider the quantum BRST transformation, given by

δAaµ(k) = ǫ
(
kµ [c
a] (k) +Aaµ(k)
)
,
δca(k) = ǫ Ca(k) ,
δc¯a(−k) = ǫ1ξ (−kµ)
[
Aaµ
]
(−k) ,
(6.49)
where the composite operators [ca], [Aaµ] are defined as usual:
 [c
a] (k) = 1K(k/Λ)c
a(k) + 1−K(k/Λ)
k2
−→
δ
δc¯a(−k)SΛ ,[
Aaµ
]
(−k) = 1K(k/Λ)Aaµ(−k) + 1−K(k/Λ)k2
(
δµν − (1− ξ)kµkνk2
)
δSΛ
δAν(k)
.
(6.50)
We define the composite operator Aaµ(k) so that kµδAaµ(k) gives the composite op-
erator for the ghost equation of motion:
kµ
(
kµ[c
a](k) +Aaµ(k)
)
= −K (k/Λ)
−→
δ
δc¯a(−k)SΛ . (6
.51)
This is equivalent to
kµAaµ(k) = −
−→
δ
δc¯a(−k)SI,Λ . (6
.52)
This implies that the asymptotic behavior of Aaµ(k) is determined by that of the
action:
Aaµ(k) Λ→∞−→ a6(lnΛ/µ)kµca(k) + a7(lnΛ/µ)
1
i
gǫabc
∫
l
Abµ(k − l)cc(l) . (6.53)
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On the other hand, the asymptotic behavior of the composite operator Ca(k) is not
determined by the action, and it is given by
Ca(k) Λ→∞−→ a8(lnΛ/µ) g
2i
ǫabc
∫
l
cb(k − l)cc(l) . (6.54)
The parameter a8(0), which is 1 at tree level, is the normalization constant of Ca.
This makes the eighth parameter of the theory, besides the seven parameters (6.47).
We wish to fix these eight by demanding the invariance of the Wilson action under the
BRST transformation (6.49). Here, we note that the gauge invariance is expected to
leave three parameters free to choose: a2(0), a6(0) are the normalization constants of
the gauge and ghost fields, respectively, and a3(0) normalizes the coupling constant
g. Whatever constraints we find among the eight parameters must leave these three
parameters free.
Before going further, let us take a moment to understand the requirement (6.51).
The WT identity for the two-point function is〈
δAaµ(k)c¯
b(−k)
〉∞
+
〈
Aaµ(k)δc¯
b(−k)
〉∞
= 0 , (6.55)
which gives〈(
kµc
a(k) +Aaµ(k)
)
c¯b(−k)
〉∞ − 1
ξ
〈
Aaµ(k)kνA
b
ν(−k)
〉∞
= 0 . (6.56)
Thus, (6.51) gives
1
ξ
〈
kµA
a
µ(k)kνA
b
ν(−k)
〉∞
= δab , (6.57)
implying that the longitudinal part of the gauge boson propagator does not receive
any radiative correction.
The WT composite operator66) is now defined by
ΣΛ ≡
∫
k
K (k/Λ)
[
δSΛ
δAaµ(k)
δAaµ(k) +
δ
δAaµ(k)
δAaµ(k)
+SΛ
←−
δ
δca(k)
δca(k)− δca(k)
←−
δ
δca(k)
+δc¯a(−k)
−→
δ
δc¯a(−k)SΛ −
−→
δ
δc¯a(−k)δc¯
a(−k)
]
. (6.58)
This is a dimension 5 scalar composite operator with ghost number 1. Hence, for
SU(2), its asymptotic behavior must have the following form:
ΣΛ
Λ→∞−→ ǫ
∫
d4x
[
Λ2s0 c
a∂µA
a
µ + s1
1
i
ca∂2∂µA
a
µ
+s2
1
i
gǫabcca∂2Abµ · Acµ + s3
1
i
gǫabcca∂µ∂νA
b
ν ·Acµ
+s4 ig
2ca∂µA
a
µ · AbνAbν + s5 ig2ca∂µAaν ·AbµAbν + s6 ig2caAaµ∂νAbνAbµ
66 Y. Igarashi, K. Itoh, and H. Sonoda
+s7 ig
2caAaµ∂νA
b
µA
b
ν + s8 ig
2caAaµ∂µA
b
νA
b
ν
+s9 gǫ
abc∂µc
acb
1
i
∂µc¯
c + s10 g
2cacb
1
i
∂µc¯
aAaµ
]
, (6.59)
where the coefficients si (i = 0, 1, · · · , 10) depend on ln Λµ and the gauge coupling
constant g. As a composite operator, ΣΛ has ten parameters:
si(lnΛ/µ = 0) = si(0) (i = 1, · · · , 10) . (6.60)
We must make these vanish by arranging the eight parameters.
Substituting the BRST transformation (6.49) into (6.58), we can simplify the
expression of ΣΛ somewhat:
ΣΛ = ǫ
∫
k
K (k/Λ)
(
Aaµ(k)
δSΛ
δAaµ(k)
+
δ
δAaµ(k)
Aaµ(k)
)
−ǫ
∫
k
K (k/Λ)
(
SΛ
←−
δ
δca(k)
Ca(k)− Ca(k)
←−
δ
δca(k)
)
+ǫ
∫
k
[
kµ
δSI,Λ
δAaµ(k)
ca(k)− 1
ξ
kµA
a
µ(−k)
−→
δ
δc¯a(−k)SI,Λ
]
. (6.61)
Each of the three integrals is a composite operator by itself.
Let us now introduce loop expansions of SΛ and ΣΛ:
SΛ =
∞∑
l=0
S
(l)
Λ , ΣΛ =
∞∑
l=0
Σ
(l)
Λ . (6
.62)
Correspondingly, let us expand the parameters:
ai(0) =
∞∑
l=0
a
(l)
i . (i = 1, · · · , 8) (6.63)
Suppose we have made
Σ
(0)
Λ = · · · = Σ(l)Λ = 0 (6.64)
by arranging a
(0)
i , · · · , a(l)i . Then, as si’s at (l+1)-loop are all constants, independent
of lnΛ/µ, as a consequence of the ERG differential equation for ΣΛ. We ask if we
can choose the (l + 1)-loop coefficients a
(l+1)
i to make all si vanish at (l + 1)-loop,
which is equivalent to
Σ
(l+1)
Λ = 0 . (6
.65)
Examining the structure of ΣΛ above, we find that at (l+1)-loop the coefficients
si are given as the sum:
si = ti + ui (i = 1, · · · , 10) , (6.66)
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where t’s are linear in a(l+1)’s, and u’s are determined by the action only up to l-loop.
Not all t’s are independent; only the following five are independent:
t1 = a
(l+1)
1 + a
(l+1)
2 , (6
.67a)
t2 = a
(l+1)
1 + a
(l+1)
3 + a
(l+1)
6 + a
(l+1)
7 , (6
.67b)
t4 = a
(l+1)
3 + a
(l+1)
4 − a(l+1)6 − a(l+1)7 , (6.67c)
t5 = −a(l+1)3 + a(l+1)5 + a(l+1)6 + a(l+1)7 , (6.67d)
t9 = a
(l+1)
7 + a
(l+1)
8 . (6
.67e)
The remaining t’s are given by
t3 = t1 − t2 , (6.68a)
t6 = t5 , (6.68b)
t7 = 2 t4 , (6.68c)
t8 = t5 , (6.68d)
t10 = −t9 . (6.68e)
It is possible to make all si = 0 by adjusting a
(l+1)’s if and only if u’s satisfy the
same relations as t’s. If t’s and u’s satisfy the above relations, so do s’s:
s3 = s1 − s2 , (6.69a)
s6 = s5 , (6.69b)
s7 = 2 s4 , (6.69c)
s8 = s5 , (6.69d)
s10 = −s9 . (6.69e)
If these relations hold, we have five linearly independent conditions on eight pa-
rameters, leaving three of them arbitrary. This is as expected, since the YM gauge
symmetry does not constrain the normalization of fields and the coupling constant
g. For example, we can adopt the normalization condition:
a1(0) = a6(0) = 0 , a3(0) = 1 . (6.70)
It is impossible to derive the five relations (6.69) within the formalism of the WT
identity. We will resort to the antifield formalism of §7 for derivation.
6.3. Wess-Zumino model
The ERG formalism has been applied to the Wess-Zumino model, for example,
in 35), 93), and 102), where the supersymmetry transformation is linearized via
auxiliary fields. Without the auxiliary fields, the supersymmetry transformation is
non-linear, and the model was first formulated with ERG in 110).
The Wess-Zumino model120) is the simplest supersymmetric model defined in 4
dimensions. Without auxiliary fields, the classical action of the model is given as
Scl ≡ −
∫
d4x
[
∂µφ¯∂µφ+ χ¯Lσµ∂µχR
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+(m+ gφ)
1
2
χ¯RχR +
(
m¯+ g¯φ¯
) 1
2
χ¯LχL
+
(
mφ+ g
φ2
2
)(
m¯φ¯+ g¯
φ¯2
2
)]
, (6.71)
where χR,L are 2-component spinors, and we define
σµ ≡ (~σ,−i) σ¯µ ≡ (~σ, i) , χ¯R ≡ χTRσy , χ¯L ≡ χTLσy . (6.72)
This is invariant under the following supersymmetry transformation:

δclφ ≡ ξ¯RχR ,
δclφ¯ ≡ ξ¯LχL ,
δclχR ≡ σ¯µξL∂µφ−
(
m¯φ¯+ g¯ φ¯
2
2
)
ξR ,
δclχL ≡ σµξR∂µφ¯−
(
mφ+ g φ
2
2
)
ξL ,
(6.73)
where ξR,L are anticommuting constant spinors.
The above classical action has a spontaneously broken Z2 invariance. To make
the symmetry manifest, we shift the scalar fields as follows:{
φ+ mg −→ φ ,
φ¯+ m¯g¯ −→ φ¯ .
(6.74)
Denoting
v ≡ m
g
v¯ ≡ m¯
g¯
, (6.75)
we can rewrite the action with manifest Z2 invariance:
Scl = −
∫ [
∂µφ¯∂µφ+ χ¯Lσµ∂µχR +
g
2
φχ¯RχR +
g¯
2
φ¯χ¯LχL
+
g
2
(
φ2 − v2) g¯
2
(
φ¯2 − v¯2)] (6.76)
Under the Z2 transformation, the fields transform as follows:
φ −→ −φ , φ¯ −→ −φ¯
χR −→ iχR , χL −→ 1iχL
(6.77)
In terms of the shifted scalar fields, the supersymmetry transformation is given by

δclφ ≡ ξ¯RχR ,
δclφ¯ ≡ ξ¯LχL ,
δclχR ≡ σ¯µξL∂µφ− g¯2
(
φ¯2 − v¯2) ξR ,
δclχL ≡ σµξR∂µφ¯− g2
(
φ2 − v2) ξL .
(6.78)
The classical action is parameterized by two complex parameters g and v. If
we ask if their phases have any physical significance, we immediately see that their
phase changes can be canceled by the corresponding phase changes of the fields:
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1. g → geiα, g¯ → g¯e−iα are canceled by
φ→ e−iαφ , φ¯→ eiαφ¯ . (6.79)
2. v → veiβ , v¯ → v¯e−iβ are canceled by
φ→ eiβφ , φ¯→ e−iβφ¯ , χR → e−i
β
2 χR , χL → ei
β
2 χL . (6.80)
Hence, the physics of the model depends only on |g| and |v|, and we make sure that
this property is carried over upon quantization.∗)
We now consider the Wilson action:
SΛ = SF,Λ + SI,Λ , (6.81)
where the free action is
SF,Λ ≡ −
∫
p
[
1
Kb (p/Λ)
p2φ¯(−p)φ(p) + 1
Kf (p/Λ)
χ¯L(−p)ip · σχR(p)
]
. (6.82)
For generality we take the cutoff functions of the bosons and fermions independent,
since their equality is not demanded by supersymmetry.
The interaction action is determined by the ERG differential equation
−Λ ∂
∂Λ
SI,Λ =
∫
p
∆b(p/Λ)
p2
{
δSI
δφ¯(−p)
δSI
δφ(p)
+
δ2SI
δφ¯(−p)δφ(p)
}
(6.83)
−
∫
p
∆f (p/Λ)
p2
Tr (−ip) · σ¯
{ −→
δ
δχ¯L(−p)SI · SI
←−
δ
δχR(p)
+
−→
δ
δχ¯L(−p)SI
←−
δ
δχR(p)
}
,
and the asymptotic behavior
SI,Λ
Λ→∞−→
∫
d4x
[
Λ2a(lnΛ/µ)|φ|2 + c1(lnΛ/µ)∂µφ¯∂µφ+ c2(lnΛ/µ)χ¯Lσ · ∂χR
+c3(lnΛ/µ)
(
gφ
1
2
χ¯RχR + g¯φ¯
1
2
χ¯LχL
)
+ c4(lnΛ/µ)|g|2 1
4
|φ|4
+c5(lnΛ/µ)|g|2 1
4
(
v¯2φ2 + v2φ¯2
)
+ c6(lnΛ/µ)
1
4
|g|2|v|4
]
. (6.84)
Hence, the action has six parameters:
ci(0) (i = 1, · · · , 6) . (6.85)
We have included c6(0) as a parameter, even though it corresponds to an additive
constant to the action. With the constant term, the derivative of the action with
respect to v2 gives an integral of the composite operator[
φ2
2
]
Λ
(x) (6.86)
∗) The following results in this section are taken from a recent unpublished work of H. Sonoda
and K. U¨lker. The use of the Z2 symmetry makes the construction much simpler than that given
in the earlier work of the same authors.110)
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over space:
2
g¯
∂
∂v¯2
SI,Λ =
∫
d4x g
[
φ2
2
]
Λ
(x) . (6.87)
Similarly, the derivative with respect to v2 gives
2
g
∂
∂v2
SI,Λ =
∫
d4x g¯
[
φ¯2
2
]
Λ
(x) . (6.88)
The asymptotic behavior (6.84) implies the following asymptotic behavior of the two
composite operators in coordinate space:

[
φ2
2
]
Λ
Λ→∞−→ c5(lnΛ/µ)φ22 + c6(lnΛ/µ)v
2
2 ,[
φ¯2
2
]
Λ
Λ→∞−→ c5(lnΛ/µ) φ¯
2
2 + c6(lnΛ/µ)
v¯2
2 .
(6.89)
We now define the WT identity for supersymmetry by
ΣΛ ≡
∫
p
Kb (p/Λ)
[
δφ(p)
δ
δφ(p)
SΛ +
δ
δφ(p)
δφ(p) + δφ¯(p)
δ
δφ¯(p)
SΛ +
δ
δφ¯(p)
δφ¯(p)
]
+
∫
p
Kf (p/Λ)
[
SΛ
←−
δ
δχR(p)
δχR(p)− Tr δχR(p)
←−
δ
δχR(p)
+SΛ
←−
δ
δχL(p)
δχL(p)− Tr δχL(p)
←−
δ
δχL(p)
]
,
where the composite operators δφ(p), etc., are defined by

δφ(p) = ξ¯R[χR](p) ,
δχR(p) = [φ](p)ip · σ¯ξL − g¯
[
φ¯2
2
]
(p)ξR ,
δφ¯(p) = ξ¯L[χL](p) ,
δχL(p) = [φ¯](p)ip · σξR − g
[
φ2
2
]
(p)ξL .
(6.90)
Under the phase changes of g, v, the composite operator ΣΛ remains invariant, if we
change the phases of the fields according to (6.79) & (6.80), and at the same time
change the phases of ξR,L according to
ξR → e−iα+i
3
2
βξR, ξL → eiα−i
3
2
βξL . (6.91)
In the remainder of this subsection, we wish to show that we can satisfy the WT
identity
ΣΛ = 0 (6.92)
by tuning four of the six parameters, leaving c1(0) and c3(0) arbitrary. The physical
meaning of the arbitrary parameters is clear:
1. c1(0) — overall normalization of the fields; the relative normalization of φ and
χR is fixed by supersymmetry.
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2. c3(0) — normalization of g.
Note that the relative normalization of φ and g¯[φ¯2] is fixed by supersymmetry. Hence,
the relative normalization of φ and gv2 is also fixed, since g¯[φ¯2] is the derivative of
the action with respect to gv2.
We first enumerate all possible terms in the asymptotic behavior of the composite
operator ΣΛ:
ΣΛ
Λ→∞−→
∫
d4x
[
Λ2b(lnΛ/µ)
(
χ¯RξRφ¯+ χ¯LξLφ
)
+s1(lnΛ/µ)
(
∂2φ¯χ¯RξR + ∂
2φχ¯LξL
)
+s2(lnΛ/µ)
(
g¯χ¯LσµξR∂µ
φ¯2
2
+ gχ¯Rσ¯µξL∂µ
φ2
2
)
+s3(lnΛ/µ)|g|2
(
χ¯RξRφ
φ¯2
2
+ χ¯LξLφ¯
φ2
2
)
+s4(lnΛ/µ)|g|2
(
v¯2
2
φχ¯RξR +
v2
2
φ¯χ¯LξL
)]
.
We have enumerated all terms of dimension up to 4, which are invariant under the
simultaneous phase changes of the parameters and fields given by (6.79), (6.80),
(6.91).
At tree level, we find that the choice
a = c1 = c2 = 0, c3 = c4 = −1, c5 = 1, c6 = −1 (6.93)
satisfies the tree level WT identity
Σ
(0)
Λ = 0 . (6
.94)
We now assume the vanishing of ΣΛ up to l-loop level:
Σ
(1)
Λ = · · · = Σ(l)Λ = 0 . (6.95)
Then, the ERG differential equation for Σ
(l+1)
Λ becomes
−Λ ∂
∂Λ
Σ
(l+1)
Λ =
∫
p
∆b(p/Λ)
p2

 δS(0)I,Λ
δφ(p)
δΣ
(l+1)
Λ
δφ¯(−p) +
δS
(0)
I,Λ
δφ¯(p)
δΣ
(l+1)
Λ
δφ(−p)


+
∫
p
∆f (p/Λ)
p2
(
S
(0)
I,Λ
←−
δ
δχR(p)
(−ip) · σ¯
−→
δ
δχ¯L(−p)Σ
(l+1)
Λ
+S
(0)
I,Λ
←−
δ
δχL(p)
(−ip) · σ
−→
δ
δχ¯R(−p)Σ
(l+1)
Λ
)
. (6.96)
This vanishes as Λ→∞. Hence, we obtain that
b(l+1)(lnΛ/µ) = 0 , (6.97)
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and that s
(l+1)
i ’s are independent of Λ. In the following we wish to show that we can
choose c
(l+1)
i (0) (i = 1, · · · , 6) so that
s
(l+1)
i = 0 (i = 1, · · · , 4) . (6.98)
We split s(l+1)’s into t(l+1)’s linear in c(l+1)’s and u(l+1)’s independent of them:
s
(l+1)
i = t
(l+1)
i + u
(l+1)
i . (6
.99)
The coefficients t(l+1)’s can be calculated from
Σ
(l+1),t
Λ ≡
∫
p
Kb (p/Λ)
(
δφ(0)(p)
δS
(l+1)
Λ
δφ(p)
+ δφ¯(0)(p)
δS
(l+1)
Λ
δφ¯(p)
)
+
∫
p
Kf (p/Λ)
(
S
(l+1)
Λ
←−
δ
δχR(p)
δχ
(0)
R (p) + S
(l+1)
Λ
←−
δ
δχL(p)
δχ
(0)
L (p)
+S
(0)
Λ
←−
δ
δχR(p)
δχ
(l+1)
R (p) + S
(0)
Λ
←−
δ
δχL(p)
δχ
(l+1)
L (p)
)
. (6.100)
We then obtain, by simple substitution of the asymptotic behavior of S
(l+1)
Λ & δχ
(l+1)
R,L
into the above, the following results:

t
(l+1)
1 = −c(l+1)1 + c(l+1)2 ,
t
(l+1)
2 = c
(l+1)
5 − c(l+1)2 + c(l+1)3 ,
t
(l+1)
3 = c
(l+1)
5 − c(l+1)3 + c(l+1)4 ,
t
(l+1)
4 = c
(l+1)
6 + c
(l+1)
3 + c
(l+1)
5 .
(6.101)
Thus, we must choose c(l+1)’s so that

−c(l+1)1 + c(l+1)2 = −u(l+1)1 ,
c
(l+1)
5 − c(l+1)2 + c(l+1)3 = −u(l+1)2 ,
c
(l+1)
5 − c(l+1)3 + c(l+1)4 = −u(l+1)3 ,
c
(l+1)
6 + c
(l+1)
3 + c
(l+1)
5 = −u(l+1)4 .
(6.102)
For arbitrary u(l+1)’s, this is solved by

c
(l+1)
2 = c
(l+1)
1 − u(l+1)1 ,
c
(l+1)
4 = −c(l+1)1 + 2c(l+1)3 + u(l+1)1 + u(l+1)2 − u(l+1)3 ,
c
(l+1)
5 = c
(l+1)
1 − c(l+1)3 − u(l+1)1 − u(l+1)2 ,
c
(l+1)
6 = −c(l+1)1 + u(l+1)1 + u(l+1)2 − u(l+1)4 ,
(6.103)
where c
(l+1)
1 and c
(l+1)
3 remain arbitrary. With the above choice we can make
Σ
(l+1)
Λ = 0 . (6
.104)
Realization of symmetry in the ERG approach 73
We end this subsection by giving the results of 1-loop calculations. For simplicity,
we take
Kb = Kf = K . (6.105)
For the interaction action, we obtain

a(1) = |g|2 ∫q ∆(q)q2 (−12 +K(q)) ,
c
(1)
1 (lnΛ/µ) =
|g|2
(4π)2
ln Λµ + c
(1)
1 (0) ,
c
(1)
2 (lnΛ/µ) =
|g|2
(4π)2
ln Λµ + c
(1)
2 (0) ,
c
(1)
3 (lnΛ/µ) = c
(1)
3 (0) ,
c
(1)
4 (lnΛ/µ) = − |g|
2
(4π)2
ln Λµ + c
(1)
4 (0) ,
c
(1)
5 (lnΛ/µ) =
|g|2
(4π)2
ln Λµ + c
(1)
5 (0) ,
c
(1)
6 (lnΛ/µ) = − |g|
2
(4π)2
ln Λµ + c
(1)
6 (0) .
(6.106)
The coefficients u
(1)
i ’s can be calculated from
Σ
(1),u
Λ = −
∫
p
K (p/Λ)
[
g¯
[
φ¯2
2
](0)
Λ
(p)
←−
δ
δχR(p)
ξR + g
[
φ2
2
](0)
Λ
←−
δ
δχL(p)
ξL
]
(6.107)
as follows (Fig. 22):

u
(1)
1 = |g|2
∫
p
1
p4
∆(p)
(
1
4K(p)− 18∆(p)
)
,
u
(1)
2 = 0 ,
u
(1)
3 = −2|g|2
∫
p
1
p4K(1−K)2(2−K) ,
u
(1)
4 = 0 .
(6.108)
If we choose
c
(1)
2 (0) = c
(1)
3 (0) = 0 , (6
.109)
then we obtain 

c
(1)
1 (0) = |g|2
∫
p
1
p4
∆
(
1
4K − 18∆
)
,
c
(1)
4 (0) = 2|g|2
∫
p
1
p4
K(1−K)2(2−K) ,
c
(1)
5 (0) = c
(1)
6 (0) = 0 .
(6.110)
6.4. O(N) non-linear sigma model
The first application of the ERG formalism to the two-dimensional O(N) non-
linear sigma model was done by Becchi.17) The discussion here follows a recent
unpublished work by Lu¨tfu¨og˘lu and Sonoda.∗)
∗) The ERG formalism has been applied to the supersymmetric non-linear sigma models exten-
sively in 52),54)–56).
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K K K
Fig. 22. Feynman graphs for u
(1)
i ’s — The solid curve marked K indicates the multiplication of the
cutoff function K. The dot denotes the φ¯2 vertex. We use a broken line for the scalar, a solid
line for the spinor.
The classical action of the two-dimensional O(N) non-linear sigma model is given
by
Scl = − 1
2g
∫
d2x
[
g∂µφi∂µφi + ∂µ
√
1− gφ2 ∂µ
√
1− gφ2
]
=
∫
d2x
[
1
2
φi∂
2φi − ∂2
(
φ2
2
)
· 1
4
ln
(
1− gφ2)] , (6.111)
where the index i runs from 1 to N − 1, the repeated indices are summed, and
φ2 ≡ φiφi =
N−1∑
i=1
φiφi . (6.112)
The classical action is invariant under the following infinitesimal rotation:
δǫφi = ǫi ΦN , (i = 1, · · · , N − 1) (6.113)
where ǫi are arbitrary infinitesimal constants, and
ΦN ≡
√
1− gφ2 (6.114)
is the N-th component of an N-dimensional unit vector whose i-th component is√
g φi.
Note that the usual IR problem with the massless scalar does not arise here, since
the Wilson action is constructed by integration of high momentum modes p2 > Λ2.
Hence, we do not need to introduce a mass term (or an external field) to break the
symmetry explicitly to O(N−1).
The Wilson action is given by
SΛ = SF,Λ + SI,Λ , (6.115)
where the free action is given by
SF,Λ = −1
2
∫
p
p2
K (p/Λ)
φi(−p)φi(p) . (6.116)
Hence, the cutoff propagator is
〈φi(p)φj(−p)〉SF,Λ = δij
K (k/Λ)
k2
. (6.117)
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The interaction action is defined by the Polchinski equation
−Λ ∂
∂Λ
SI,Λ =
∫
k
∆(k/Λ)
k2
1
2
{
δSI,Λ
δφi(−p)
δSI,Λ
δφi(p)
+
δ2SI,Λ
δφi(−p)δφi(p)
}
, (6.118)
and the asymptotic behavior
SI,Λ
Λ→∞−→
∫
d2x
[
Λ2a
(
lnΛ/µ;φ2/2
)
(6.119)
+A
(
lnΛ/µ;φ2/2
) (−∂2) φ2
2
+B
(
lnΛ/µ;φ2/2
)
φi
(−∂2)φi
]
,
where the coefficient functions can be expanded in powers of φ2/2 as

a(lnΛ/µ;x) =
∑∞
n=1
xn
n! an(lnΛ/µ) ,
A(lnΛ/µ;x) =
∑∞
n=1
xn
n!An(lnΛ/µ) ,
B(lnΛ/µ;x) =
∑∞
n=0
xn
n!Bn(lnΛ/µ) .
(6.120)
The series for A starts from n = 1, since the n = 0 would correspond to a total
derivative in the action. At tree level, we find
a(lnΛ/µ;x) = 0 , A(lnΛ/µ;x) =
1
4
ln (1− 2gx) , B(lnΛ/µ;x) = 0 . (6.121)
The infinitesimal transformation is given by
δφi(p) = ǫi [ΦN ]Λ (p) , (6
.122)
where the composite operator [ΦN ]Λ is the composite operator corresponding to the
classical ΦN . [ΦN ]Λ satisfies an ERG differential equation, and is specified by the
asymptotic behavior∫
p
eipx [ΦN ]Λ (p)
Λ→∞−→ P (lnΛ/µ;φ(x)2/2) , (6.123)
where the function P can be expanded as
P (lnΛ/µ;x) =
∞∑
n=0
xn
n!
Pn(lnΛ/µ) . (6.124)
At tree level, we find
P (lnΛ/µ;x) =
√
1− 2gx . (6.125)
Thus, the action is parameterized by two functions:
A(0;x), B(0;x) , (6.126)
while the transformation is parameterized by a function
P (0;x) . (6.127)
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Each Taylor coefficient of A(0;x), B(0;x) is a parameter of the Wilson action. Simi-
larly, P (0;x) parameterizes the transformation. Hence, there are an infinite number
of parameters. We wish to show how the WT identity determines the three functions.
The WT composite operator is defined by
ΣΛ ≡
∫
p
K (p/Λ)
[
δSΛ
δφi(p)
δφi(p) +
δ
δφi(p)
δφi(p)
]
. (6.128)
This has the following asymptotic behavior:
ΣΛ
Λ→∞−→
∫
d2x ǫiφi
[
∂µφj∂µφj · s1(lnΛ/µ;φ2/2) (6.129)
+φj∂
2φj · s2(lnΛ/µ;φ2/2) + (φj∂µφj)2 · s3(lnΛ/µ;φ2/2)
]
. (6.130)
We would like to fine-tune the three functions A(0;x), B(0;x), P (0;x) so that
s1(0;x) = s2(0;x) = s3(0;x) = 0 . (6.131)
We prove this possibility by mathematical induction on the number of loops.
Let us introduce loop expansions using the by now familiar notation
SΛ =
∞∑
l=0
S
(l)
Λ , [ΦN ]Λ =
∞∑
l=0
[ΦN ]
(l)
Λ , ΣΛ =
∞∑
l=0
Σ
(l)
Λ , A(0;x) =
∞∑
l=0
A(l)(x) , · · ·
(6.132)
Suppose we have determined S
(0)
Λ , · · · , S(l)Λ (or equivalently A(0,··· ,l)(x), B(0,··· ,l)(x))
and [ΦN ]
(0)
Λ , · · · , [ΦN ](l)Λ (equivalently P (0,··· ,l)(x)) so that
Σ
(0)
Λ = · · · = Σ(l)Λ = 0 . (6.133)
Then, the asymptotic behavior of Σ
(l+1)
Λ is independent of Λ, and we can write it as
Σ
(l+1)
Λ
Λ→∞−→
∫
d2x ǫiφi
[
∂µφj∂µφj · s1(φ2/2) (6.134)
+φj∂
2φj · s2(φ2/2) + (φj∂µφj)2 · s3(φ2/2)
]
, (6.135)
where si(x) (i = 1, 2, 3) are functions of x, independent of lnΛ/µ.
The definition of ΣΛ gives
Σ
(l+1)
Λ = Σ
(l+1),t
Λ +Σ
(l+1),u
Λ , (6
.136)
where
Σ
(l+1),t
Λ = ǫi
∫
p
K (p/Λ)
[
δS
(l+1)
Λ
δφi(p)
[ΦN ]
(0)
Λ (p) +
δS
(0)
Λ
δφi(p)
[ΦN ]
(l+1)
Λ (p)
]
, (6.137)
Σ
(l+1),u
Λ = ǫi
∫
p
K (p/Λ)
[
l∑
k=1
δS
(k)
Λ
δφi(p)
[ΦN ]
(l+1−k)
Λ (p) +
δ [ΦN ]
(l)
Λ (p)
δφi(p)
]
. (6.138)
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Only Σ
(l+1),t
Λ depends on A
(l+1)(x), B(l+1)(x), P (l+1)(x), and Σ
(l+1),u
Λ are determined
by SΛ and [ΦN ]Λ up to l-loop.
Therefore, the functions si(x) are given as the sum
si(x) = ti(x) + ui(x) , (i = 1, 2, 3) (6.139)
where ti(x) are linear in A
(l+1)(x), B(l+1)(x), P (l+1)(x), and ui(x) are determined by
the lower loop functions. We obtain explicitly
t1(x) = P
(l+1)′ − (2A(l+1)′ +B(l+1)′)P (0)
−2A(0)′P (l+1) − 2P (0)′B(l+1) , (6.140)
t2(x) = P
(l+1)′ − 2(A(l+1)′ +B(l+1)′)P (0)
−2A(0)′P (l+1) − 2P (0)′B(l+1) , (6.141)
t3(x) = P
(l+1)′′ − (A(l+1)′′ +B(l+1)′′)P (0)
−A(0)′′P (l+1) − 2P (0)′′B(l+1) − 2B(l+1)′P (0)′ , (6.142)
where the primes denote derivatives with respect to x. There is no relation among
the t(x)’s. Thus, whatever u(x)’s are, we can solve the equations
si(x) = ti(x) + ui(x) = 0 . (i = 1, 2, 3) (6.143)
Using
A(0)(x) =
1
4
ln(1− 2gx) , B(0)(x) = 0 , P (0)(x) =
√
1− 2gx . (6.144)
the solution is obtained as follows:
B(l+1)(x) = B(l+1)(0) +
∫ x
0
dy
−u1(y) + u2(y)√
1− 2gy , (6
.145)
d
dx
A(l+1)(x) =
1
(1− 2gx)2
[
A(l+1)
′
(0)
+
∫ x
0
dy
{
−2g2B(l)(y) + (1− 2gy)B(l)′′(y)
+g
√
1− 2gy (−2u1(y) + u2(y)) + (1− 2gy)
3
2
(
2u′1(y)− u′2(y)
)
−(1− 2gy) 32u3(y)
}]
, (6.146)
P (l+1)(x) =
√
1− 2gx
[
P (l+1)(0) +
∫ x
0
dy
{
2A(l+1)
′
(y)
− 2g
1− 2gyB
(l+1)(y) +
−2u1(y) + u2(y)√
1− 2gy
}]
. (6.147)
Note that
A(l+1)
′
(0) , B(l+1)(0) , P (l+1)(0) (6.148)
are left undetermined as constants of integration. This is expected, since A(l+1)
′
(0)
normalizes the coupling g, B(l+1)(0) normalizes the field φi, and P (l+1)(0) normalizes
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Fig. 23. The broken curve denotes the cutoff function K, and the solid the high-momentum propa-
gator. Each curve follows the same O(N) index i = 1, · · · , N − 1. The left vertex is from [ΦN ]Λ,
and the right from SI,Λ.
Fig. 24. These graphs give no contribution to the u coefficients.
the composite operator [ΦN ]Λ. For example, we can adopt the convention
∂
∂x
A(0;x)
∣∣∣
x=0
= −g
2
, B(0; 0) = 0 , P (0; 0) = 1 , (6.149)
or equivalently 

A(0)
′
(0) = − g2 , A(l)
′
(0) = 0 , (l ≥ 1)
B(l)(0) = 0 , (l ≥ 0)
P (0)(0) = 1 , P (l)(0) = 0 . (l ≥ 0)
(6.150)
This concludes our perturbative proof of the existence of the O(N) non-linear sigma
model.
Before concluding this example, let us compute B(1)
′
(0) and P (1)
′
(0). (Note
A(1)
′
(0) = 0 by the above convention.) For this, we compute the asymptotic behavior
of
Σ
(1),u
Λ =
∫
p
K (p/Λ)
δ [ΦN ]
(0)
Λ (p)
δφi(p)
(6.151)
up to third order in φ’s. The two relevant Feynman diagrams given in Fig. 23. Note
that the two graphs in Fig. 24 give only the Λ2 terms, but no contribution to the u
coefficients. Ignoring the Λ2 terms, we obtain
Σ
(1),u
Λ
Λ→∞−→ −
∫
d2x ǫiφi
[
∂µφj∂µφj g
2
(
1
4π
+
∫
q
K(q)(1 −K(q))
q2
)
+φj∂
2φj g
2
∫
q
1
q2
(
1
4
∆(q)2 + 2K(q)(1−K(q))
)]
(6.152)
up to third order in φ’s. Hence,{
u1(0) = −g2
(
1
4π +
∫
q
1
q2
K(q)(1−K(q))
)
,
u2(0) = −g2
∫
q
1
q2
(
1
4∆(q)
2 + 2K(q)(1 −K(q))) . (6.153)
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This gives

B(1)
′
(0) = u2(0) − u1(0) = g2
(
1
4π −
∫
q
1
q2
(
K(1−K) + 14∆2
))
,
P (1)
′
(0) = u2(0) − 2u1(0) = g2
(
1
2π −
∫
q
1
q2
1
4∆
2
)
.
(6.154)
6.5. The axial symmetry with a massive propagator
We consider a Wilson action for the spin 12 field:
SΛ = −
∫
p
1
K (p/Λ)
ψ¯(−p) (p/ + im)ψ(p) + SI,Λ , (6.155)
where the mass m is non-vanishing. The free part of the action breaks the axial
symmetry explicitly. Nevertheless, the breaking can be compensated by SI,Λ, and
the theory can still possess the axial symmetry.
In the presence of the axial symmetry, the correlation functions in the continuum
limit satisfy the following WT identity:
N∑
i=1
[〈
ψ(p1) · · · γ5ψ(pi) · · ·ψ(pN )ψ¯(−q1) · · · ψ¯(−qN )
〉∞
+
〈
ψ(p1)ψ(pi) · · ·ψ(pN )ψ¯(−q1) · · · ψ¯(−qi)γ5ψ¯(−qN )
〉∞]
= 0 . (6.156)
The WT operator for the U(1) axial symmetry is given by
ΣΛ ≡
∫
p
K (p/Λ)
[
SΛ
←−
δ
δψ(p)
γ5[ψ](p) + [ψ¯](−p)γ5
−→
δ
δψ¯(−p)SΛ
−Tr γ5
{
[ψ](p)
←−
δ
δψ(p)
+
−→
δ
δψ¯(−p) [ψ¯](−p)
}]
= 0 , (6.157)
where 

[ψ] (p) ≡ 1K(p/Λ)ψ(p) + 1−K(p/Λ)p/+im
−→
δ
δψ¯(−p)
SΛ[
ψ¯
]
(−p) ≡ 1K(p/Λ) ψ¯(−p) + SΛ
←−
δ
δψ(p)
1−K(p/Λ)
p/+im
(6.158)
are the composite operators corresponding to ψ, ψ¯. We can further rewrite the above
as
ΣΛ =
∫
p
[
SΛ
←−
δ
δψ(p)
γ5ψ(p) + ψ¯(−p)γ5
−→
δ
δψ¯(−p)SΛ −
K(1−K)
p2 +m2
(−2im)
×Tr γ5
{ −→
δ
δψ¯(−p)SΛ · SΛ
←−
δ
δψ(p)
+
−→
δ
δψ¯(−p)SΛ
←−
δ
δψ(p)
}]
. (6.159)
This must vanish for the axial symmetry.
In the simplest case, the theory is free, and the Wilson action is quadratic:
SΛ = −
∫
p
ψ¯(−p)DΛ(p)ψ(p) (6.160)
80 Y. Igarashi, K. Itoh, and H. Sonoda
Substituting this into ΣΛ = 0, we obtain the Ginsparg-Wilson relation:
47)
{DΛ(p) , γ5} = K(1−K)
p2 +m2
(−2im)DΛ(p)γ5DΛ(p) . (6.161)
The right-hand side is non-vanishing only for p2 > Λ2 if we choose K (p/Λ) = 1 for
p2 < Λ2. Expanding
DΛ(p) = p/AΛ(p) + imBΛ(p) (6.162)
with scalar coefficients, the above relation gives
BΛ(p) =
K(1−K)
p2 +m2
(
p2AΛ(p)
2 +m2BΛ(p)
2
)
. (6.163)
Moreover, the Polchinski equation for SΛ gives
Λ
∂
∂Λ
DΛ(p) = −2∆
K
D +
∆
p2 +m2
D(p/− im)D , (6.164)
which implies
Λ
∂
∂Λ
AΛ = −2∆
K
AΛ +
∆
p2 +m2
(
p2A2Λ −m2B2Λ + 2AΛBΛm2
)
, (6.165a)
Λ
∂
∂Λ
BΛ = −2∆
K
BΛ +
∆
p2 +m2
(−p2A2Λ +m2B2Λ + 2AΛBΛp2) . (6.165b)
To obtain a general solution, we cheat a little. In this case we know the general
solution for the continuum limit:
〈
ψ(p)ψ¯(−p)〉∞ = c(p)
p/
, (6.166)
where c is a scalar function, independent of Λ.∗) Using
〈
ψ(p)ψ¯(−p)〉∞ = 1
K (p/Λ)2
〈
ψ(p)ψ¯(−p)〉
SΛ
+
1− 1/K (p/Λ)
p/ + im
, (6.167)
we obtain
c(p)
p/
=
1
K (p/Λ)2
1
DΛ(p)
+
1− 1/K (p/Λ)
p/ + im
. (6.168)
Hence,
1
DΛ(p)
= K(p)2
(
c(p)
p/
− 1− 1/K (p/Λ)
p/ + im
)
= K2
{
c
(
p/ + im
)− (1− 1/K) p/} 1
p/(p/ + im)
= K2
{
(c− 1 + 1/K)p/ + imc} 1
p/(p/ + im)
. (6.169)
∗) We assume parity.
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Inverting this, we obtain
DΛ(p) =
1
K2
p2 + imp/
(c− 1 + 1/K)2p2 +m2c2
{
(c− 1 + 1/K)p/− imc}
=
1
K2
(
p2(c− 1 + 1/K) +m2c) p/− imcp2 + imp2(c− 1 + 1/K)
(c− 1 + 1/K)2p2 +m2c2
=
1
K
(
p2 (Kc+ 1−K) +Kcm2) p/ + imp2(1−K)
(Kc+ 1−K)2 p2 +K2m2c2 . (6
.170)
This gives
AΛ(p) =
1
K
p2(Kc+ 1−K) +m2Kc
p2(Kc+ 1−K)2 +m2K2c2 (6
.171a)
BΛ(p) =
1
K
p2(1−K)
p2(Kc+ 1−K)2 +m2K2c2 (6
.171b)
which satisfy both the Polchinski equation (6.165) and the Ginsparg-Wilson relation
(6.163). For small and large momenta, DΛ(p) behaves as
DΛ(p)

 =
p/
c(p) , (p
2 < Λ2)
≃ 1K(p/Λ)
(
p/ + im
)
. (p2 ≫ Λ2)
(6.172)
For the simplest case
c(p) = 1 , (6.173)
we obtain
DΛ(p) =
1
K
(
p2 +Km2
)
p/ + imp2(1−K)
p2 +K2m2
=
p/ + im
K
+
(1−K)m2p/− im(p2 +m2K)
p2 +m2K2
. (6.174)
In the above, we have seen that the Wilson action of a fully interacting theory
must satisfy (6.159) (or its analog), which reduces to the GW relation (6.161) only for
free theories. However, it is possible to build up a fully interacting theory starting
from (6.161).58), 64) Particular solutions of (6.159) that correspond to interacting
theories have been constructed explicitly in 68), 69).
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§7. Realization of symmetry in the antifield formalism
The purpose of this section is to introduce a method of symmetry realization
more powerful than the WT identity discussed in the previous two sections. The
method is an adaptation of the antifield formalism of Batalin and Vilkovisky16), 49), 51)
to the ERG formulation of field theory.60)–63) We introduce only what is needed for
perturbative construction of theories, postponing more general discussions till §10.
Most results of this section were first obtained by Becchi.17) Our presentation here
follows §§6,7 of 17).∗)
7.1. Quantum master equation
We introduce an external source φ∗ in order to generate the symmetry trans-
formation∗∗) of φ as the functional derivative of the Wilson action with respect to
φ∗. Following the general method by Batalin and Vilkovisky, we give φ∗ the statis-
tics opposite to that of φ. In what follows, we treat φ as a generic bosonic field
(scalars and vectors) and φ∗ as the corresponding fermionic antifield. Extension to
a fermionic field and its bosonic antifield is straightforward.
In the antifield formalism, the transformation of φ is called the BRST trans-
formation,∗∗∗) and it is given as the derivative of the Wilson action with respect to
the corresponding antifield:
δφ(p) =
−→
δ
δφ∗(−p) S¯Λ . (7
.1)
To show the presence of antifields explicitly, we use a bar above the Wilson action
and other related quantities. At the vanishing antifields, the above transformation
reduces to the infinitesimal transformation for the WT identity. The WT composite
operator is generalized to the quantum master operator
Σ¯Λ ≡
∫
p
K (p/Λ)
[
δS¯Λ
δφ(p)
·
−→
δ
δφ∗(−p) S¯Λ +
−→
δ
δφ∗(−p)
δS¯Λ
δφ(p)
]
, (7.2)
which reduces to the WT composite operator at φ∗ = 0. Note that Σ¯Λ is a composite
operator. (Quick proof)
−→
δ
δφ∗(−p) S¯Λ is a composite operator of type (4
.34). Hence,
Σ¯Λ is a composite operator of type (4.32).
We now replace the WT identity by the quantum master equation:
Σ¯Λ = 0 , (7.3)
which reduces to the WT identity at the vanishing antifields. The quantum master
∗) For a formulation with the effective average action, see 92), for example.
∗∗) The symmetry can be any continuous symmetry, either local or global. For the application
of the BV formalism to global symmetries, see Refs. 36),37) for example.
∗∗∗) For YM theories, this BRST transformation coincides with the ordinary BRST transformation
in the limit of vanishing antifields.
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equation implies, for the correlation functions, the following identities:
n∑
i=1
〈φ(p1) · · · δφ(pi) · · · φ(pn)〉∞
=
n∑
i=1
−→
δ
δφ∗(−pi)
〈
φ(p1) · · · φ̂(pi) · · ·φ(pn)
〉∞
= 0 . (7.4)
Given a functional OΛ[φ, φ∗] in general, we define its quantum BRST trans-
formation by
δQOΛ ≡
∫
p
K (p/Λ)
[
δS¯Λ
δφ(p)
·
−→
δ
δφ∗(−p)OΛ +
−→
δ
δφ∗(−p) S¯Λ ·
δ
δφ(p)
OΛ
+
−→
δ
δφ∗(−p)
δ
δφ(p)
OΛ
]
. (7.5)
This definition is obtained from Σ¯Λ by changing S¯Λ infinitesimally by OΛ. For
example, we obtain
δQφ(p) = K (p/Λ)
−→
δ
δφ∗(−p) S¯Λ , (7
.6)
so that we can write
Σ¯Λ =
∫
p
[
δS¯Λ
δφ(p)
δQφ(p) +
−→
δ
δφ(p)
δQφ(p)
]
. (7.7)
The first term is the change of S¯Λ under the infinitesimal field transformation δQφ,
and the second term is the jacobian.
Suppose OΛ is a composite operator. Then,
O′Λ ≡ K (p/Λ)
(
δS¯Λ
δφ(p)
OΛ + δOΛ
δφ(p)
)
(7.8)
is a composite operator of type (4.32). We then note that
O′′Λ ≡
−→
δ
δφ∗(−p) S¯Λ · O
′
Λ +
−→
δ
δφ∗(−p)O
′
Λ (7.9)
is a composite operator of type (4.38). Since
δQOΛ =
∫
p
O′′Λ − Σ¯Λ · OΛ , (7.10)
δQOΛ is also a composite operator, if Σ¯Λ = 0. If Σ¯Λ 6= 0, δQOΛ is not a composite
operator in general.
Note also that if Σ¯Λ = 0, we can rewrite
δQOΛ = exp
[−S¯Λ]
∫
p
K (p/Λ)
δ
δφ(p)
−→
δ
δφ∗(−p)
(
exp
[
S¯Λ
]OΛ) (7.11)
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for an arbitrary functional OΛ, not necessarily a composite operator. Since∫
p
K (p/Λ)
δ
δφ(p)
−→
δ
δφ∗(−p) (7
.12)
is a fermionic differential operator acting on the functionals of φ and φ∗, its square
vanishes:
δQδQOΛ = exp
[−S¯Λ]
(∫
p
K (p/Λ)
δ
δφ(p)
−→
δ
δφ∗(−p)
)2 (
exp
[
S¯Λ
]OΛ) = 0 . (7.13)
Thus, we obtain the nilpotency:
δ2Q = 0 , (7.14)
if Σ¯Λ = 0.
To summarize, the quantum master equation (7.3), i.e., Σ¯Λ = 0, implies the
following:
(i) δQOΛ is a composite operator, if OΛ is.
(ii) δQ is nilpotent, δ
2
Q = 0.
As an example of (i), we find, under the assumption Σ¯Λ = 0,
δQ[φ]Λ(p) =
−→
δ
δφ∗(−p) S¯Λ , (7
.15)
which is a composite operator.
Finally, we come to an important algebraic identity
δQΣ¯Λ = 0 . (7.16)
This simply follows from the definitions (7.2) of Σ¯Λ and (7.5) of δQ. The identity
is valid no matter what S¯Λ is. Eq. (7.16) is the algebraic structure we have been
missing in our discussion of the WT identity in §5. We will see, in §7.2, how useful
this identity is for the realization of continuous symmetry in the ERG approach.
7.2. Outline of perturbative construction
We now outline a perturbative construction of the theory that satisfies the quan-
tum master equation (7.3). Let us first introduce loop expansions:
S¯Λ =
∞∑
l=0
S¯
(l)
Λ , Σ¯Λ =
∞∑
l=0
Σ¯
(l)
Λ . (7
.17)
If the theory is renormalizable, the asymptotic behavior of the Wilson action is given
in the form
S¯I,Λ
Λ→∞−→
∫
dDx
∑
i
ΛD−xici(lnΛ/µ)Oi , (7.18)
where Oi is a local polynomial of φ, φ∗, and their derivatives, and xi ≤ D is the scale
dimension of Oi. The Wilson action is parameterized only by ci(0) that has xi = D.
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We introduce the loop expansion of ci(0) as
ci(0) =
∞∑
l=0
c
(l)
i . (7
.19)
Our starting point is the classical action S¯cl which is independent of the cutoff
Λ. Since the interaction part of the tree level action S¯
(0)
Λ is the sum of tree graphs
consisting of the vertices of S¯cl and high-momentum propagators, we obtain
S¯cl = lim
Λ→∞
S¯
(0)
Λ . (7
.20)
We assume that this satisfies the classical master equation:
Σ¯cl ≡
∫
p
−→
δ
δφ∗(−p) S¯cl ·
δS¯cl
δφ(p)
= 0 . (7.21)
Since Σ¯cl is the asymptotic part of Σ¯
(0)
Λ , we obtain
Σ¯
(0)
Λ = 0 . (7
.22)
Now, our induction hypothesis is
Σ¯
(0)
Λ = · · · = Σ¯(l)Λ = 0 . (7.23)
For this we have adjusted the parameters of the theory up to l-loop order. In other
words we have adjusted
c
(0)
i , · · · , c(l)i . (xi = D) (7.24)
Since Σ¯Λ is a composite operator satisfying the ERG differential equation, the induc-
tion hypothesis implies that Σ¯
(l+1)
Λ is independent of Λ for large Λ. In the following
we wish to show that we can fine-tune c
(l+1)
i so that
lim
Λ→∞
Σ¯
(l+1)
Λ = 0 , (7
.25)
which is equivalent to
Σ¯
(l+1)
Λ = 0 . (7
.26)
Hence, (7.25) completes the perturbative construction by mathematical induction.
To show the possibility of such fine-tuning, we must examine the structure of
Σ¯
(l+1)
Λ further:
Σ¯
(l+1)
Λ =
∫
p
K (p/Λ)
[
l+1∑
k=0
−→
δ
δφ∗(−p) S¯
(k)
Λ ·
δS¯
(l+1−k)
Λ
δφ(p)
+
−→
δ
δφ∗(−p)
δS¯
(l)
Λ
δφ(p)
]
= Σ¯
(l+1),t
Λ + Σ¯
(l+1),u
Λ , (7
.27)
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where
Σ¯
(l+1),t
Λ =
∫
p
K (p/Λ)
[ −→
δ
δφ∗(−p) S¯cl ·
δS¯
(l+1)
Λ
δφ(p)
+
−→
δ
δφ∗(−p) S¯
(l+1)
Λ ·
δS¯cl
δφ(p)
]
, (7.28)
Σ¯
(l+1),u
Λ =
∫
p
K (p/Λ)
[
l∑
k=1
−→
δ
δφ∗(−p) S¯
(k)
Λ ·
δS¯
(l+1−k)
Λ
δφ(p)
+
−→
δ
δφ∗(−p)
δS¯
(l)
Λ
δφ(p)
]
. (7.29)
For large Λ, Σ¯
(l+1)
Λ is independent of Λ. Hence, the Λ dependence of Σ¯
(l+1),t
Λ and
Σ¯
(l+1),u
Λ must cancel for large Λ. Note that only Σ¯
(l+1),t
Λ depends on c
(l+1)
i , and
Σ¯
(l+1),u
Λ is completely determined by the lower loop parameters.
For later convenience, we introduce the following notation. We first denote
Σ¯(l+1)∞ ≡ lim
Λ→∞
Σ¯
(l+1)
Λ . (7
.30)
We then denote the Λ independent part (namely the part that does not vanish at
lnΛ/µ = 0) of the asymptotic behavior of S¯
(l+1)
Λ by S¯
(l+1)
∞ so that
S¯(l+1)∞ =
∫
dDx
∑
i
c
(l+1)
i Oi . (7.31)
Similarly, we denote the Λ independent parts of Σ¯
(l+1),t
Λ and Σ¯
(l+1),u
Λ by Σ¯
(l+1),t
∞ ,
Σ¯
(l+1),u
∞ , respectively. In defining these, we ignore the part multiplied by positive
powers of either Λ or lnΛ/µ. By definition, we obtain
Σ¯(l+1)∞ = Σ¯
(l+1),t
∞ + Σ¯
(l+1),u
∞ . (7.32)
Now, for large Λ, (7.28) gives
Σ¯(l+1),t∞ =
∫
dDx
[ −→
δ
δφ∗
S¯cl · δS¯
(l+1)
∞
δφ
+
−→
δ
δφ∗
S¯(l+1)∞ ·
δS¯cl
δφ
]
. (7.33)
Introducing the classical BRST transformation
δcl ≡
∫
dDx
[ −→
δ
δφ∗
S¯cl · δ
δφ
+
δS¯cl
δφ
−→
δ
δφ∗
]
, (7.34)
we can rewrite the above as
Σ¯(l+1),t∞ = δclS¯
(l+1)
∞ . (7.35)
The classical master equation (7.21) implies the nilpotency of the classical BRST
transformation:
δ2cl = 0 . (7.36)
Hence, we obtain
δclΣ¯
(l+1),t
∞ = 0 . (7.37)
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We now consider the algebraic identity (7.16). At (l + 1)-loop, this gives
∫
p
K (p/Λ)
[ −→
δ
δφ∗(−p) S¯
(0)
Λ ·
δ
δφ(p)
Σ¯
(l+1)
Λ +
δ
δφ(p)
S¯
(0)
Λ ·
−→
δ
δφ∗(−p) Σ¯
(l+1)
Λ
]
= 0 (7.38)
due to the induction hypothesis (7.23). Considering large Λ, we obtain
δclΣ¯
(l+1)
∞ = 0 . (7.39)
This gives
δclΣ¯
(l+1),u
∞ = 0 , (7.40)
using (7.32) and (7.37).
To summarize so far, our goal is to show that we can fine-tune the (l + 1)-loop
parameters c
(l+1)
i so that Σ¯
(l+1)
∞ = 0. This condition is equivalent to solving
δclS¯
(l+1)
∞ = −Σ¯(l+1),u∞ , (7.41)
where
1. δcl, defined by (7.34), satisfies nilpotency (7.36),
2. Σ¯
(l+1),u
∞ satisfies (7.40), i.e., closed under δcl.
3. S¯
(l+1)
∞ is given by (7.31), the most general local functional of fields with dimen-
sion D.
Thus, we have converted the problem of perturbative construction into a question of
classical algebra.∗) For (7.41) to have a solution, it is sufficient that δclO = 0 implies
O = δclO′; using a more proper mathematical language, the BRST cohomology
defined by δcl must be trivial.
The final algebraic question (7.41) does not have any general solution. The
answer depends on the the set of available fields and antifields and the choice of the
classical action S¯cl. But it is clear what we must do. We first consider the most
general Σ¯
(l+1),u
∞ that satisfies (7.40), using the available set of fields and antifields.
If it can be given as δclS¯
(l+1)
∞ , the theory can be constructed. If not, the symmetry
is anomalous, and we cannot construct a symmetric quantum theory based on the
classical action.
For YM theories, the algebraic problem has a well-known solution. We refer the
reader to 12)–15). In §8.2, we show a concrete solution of (7.41) for the SU(2) gauge
theory.
∗) This is called the BRST cohomology.
88 Y. Igarashi, K. Itoh, and H. Sonoda
§8. Examples
8.1. QED
In §6.1 we have already shown how to construct QED with the help of a WT
composite operator. Though we do not need the antifield formalism for assurance of
the theory’s existence, it is instructive to see how the formalism applies to QED.
Our starting point is the classical action:
S¯cl = Scl +
∫
d4x
[
A∗µ
1
i
∂µc+
1
ξ
c¯∗
1
i
∂µAµ +
1
2ξ
(c¯∗)2 + eψ¯∗cψ + eψ¯cψ∗
]
, (8.1)
where Scl is given by (6.1). Here, the fields with the superscript
∗ are antifields that
have the opposite statistics to the respective conjugate fields. Let us tabulate them:
field antifield statistics dimension
Aµ A
∗
µ Fermi 2
c¯ c¯∗ Bose 2
ψ ψ¯∗ Bose 3
2
ψ¯ ψ∗ Bose 3
2
The classical action satisfies the following classical master equation:
∫
d4x
[
δS¯cl
δAµ
−→
δ
δA∗µ
S¯cl +
δS¯cl
δc¯∗
−→
δ
δc¯
S¯cl
+S¯cl
←−
δ
δψ
·
−→
δ
δψ¯∗
S¯cl + S¯cl
←−
δ
δψ∗
·
−→
δ
δψ¯
S¯cl
]
= 0 . (8.2)
Except for the term quadratic in c¯∗, the antifield dependence of the action is de-
termined so that the derivative of the action with respect to the antifield gives the
BRST transformation of the corresponding field:

δAµ =
−→
δ
δA∗µ
S¯cl =
1
i ∂µc ,
δc¯ = δS¯clδc¯∗ =
1
ξ
(
1
i ∂µAµ + c¯
∗
)
,
δψ =
−→
δ
δψ¯∗
S¯cl = ecψ ,
δψ¯ = S¯cl
←−
δ
δψ∗ = −ecψ¯ .
(8.3)
We note that all the antifields are coupled linearly to the dynamical fields. The
ψ∗, ψ¯∗ are coupled to the quadratic fields ψ¯c, cψ, respectively, but these are basically
linear since the free field c acts almost like an external field.
Let us consider the dependence of the Wilson action on each antifield.
(i) A∗µ — This is coupled linearly to A
∗
µ, contributing a term∫
k
A∗µ(−k)kµc(k) (8.4)
to the Wilson action. Since c is free, no further A∗µ dependence is generated.
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(ii) c¯∗ — The linear coupling ∫
k
c¯∗(−k)1
ξ
kµAµ(k) (8.5)
amounts to an external source
1
ξ
kµc¯
∗(−k) (8.6)
coupled linearly to the gauge field Aµ(k). From the general result (2.37), the
linear coupling generates the quadratic term:
1
2
∫
k
1
ξ
kµc¯
∗(−k)1−K (k/Λ)
k2
(
δµν − (1− ξ)kµkν
k2
)
1
ξ
(−kν)c¯∗(k)
= − 1
2ξ
∫
k
(1−K (k/Λ)) c¯∗(−k)c¯∗(k) . (8.7)
Furthermore, the shift
Aµ(k) −→ Ashµ (k) ≡ Aµ(k) +
1−K (k/Λ)
k2
(
δµν − (1− ξ)kµkν
k2
)
1
ξ
(−kν)c¯∗(k)
= Aµ(k)− 1−K (k/Λ)
k2
kµc¯
∗(k) (8.8)
is generated in the interaction part SI,Λ of the Wilson action.
(iii) ψ∗, ψ¯∗ — We can regard the free field c as part of the external source coupled
to ψ, ψ¯:∫
p
(
e
∫
k
ψ¯∗(−p− k)c(k) · ψ(p) + ψ¯(−p) · e
∫
k
c(k)ψ∗(p− k)
)
. (8.9)
Hence, from the general result (2.37), we find first that the quadratic term∫
p
e
∫
k
ψ¯∗(−p− k)c(k) · 1−K (p/Λ)
p/ + im
·
∫
q
e
∫
l
c(l)ψ∗(p− l) (8.10)
is generated, and second that the fields are shifted as

ψ(p) −→ ψsh(p) ≡ ψ(p) + 1−K(p/Λ)
p/+im
e
∫
k c(k)ψ
∗(p− k) ,
ψ¯(−p) −→ ψ¯sh(−p) ≡ ψ¯(−p) + e ∫k ψ¯∗(−p− k)c(k)1−K(p/Λ)p/+im , (8
.11)
in SI,Λ.
Altogether, we obtain the following action in the presence of antifields:65)53)
S¯Λ = SF,Λ
[
Aµ, c, c¯, ψ, ψ¯
]
+
∫
k
(
A∗µ(−k)kµc(k) + c¯∗(−k)
1
ξ
kµAµ(k)
)
+
1
2ξ
∫
k
K (k/Λ) c¯∗(−k)c¯∗(k)
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+
∫
p,k
(
eψ¯∗(−p− k)c(k) · ψ(p) + ψ¯(−p) · ec(k)ψ∗(p− k))
+
∫
p,k,l
eψ¯∗(−p− k)c(k) · 1−K (p/Λ)
p/ + im
· ec(l)ψ∗(p− l)
+SI,Λ
[
Ashµ (k) , ψ
sh(p) , ψ¯sh(−p)
]
, (8.12)
where SF,Λ is the free part defined by (6.4), and SI,Λ is the interaction part con-
structed in §6.1. The fields are shifted in the interaction part. If SΛ = SF,Λ + SI,Λ,
without shifts, satisfies the Polchinski equation for QED, so does S¯Λ given above.
∗)
We now wish to show that S¯Λ thus constructed indeed satisfies the quantum
master equation. The quantum master operator is defined by
Σ¯Λ ≡
∫
k
K (k/Λ)
[ −→
δ
δA∗µ(−k)
S¯Λ · δS¯Λ
δAµ(k)
+
δS¯Λ
δc¯∗(k)
·
−→
δ
δc¯(−k) S¯Λ
]
−
∫
p
K (p/Λ) Tr
[ −→
δ
δψ¯∗(−p) S¯Λ · S¯Λ
←−
δ
δψ(p)
+
−→
δ
δψ¯∗(−p) S¯Λ
←−
δ
δψ(p)
]
+
∫
p
K (p/Λ) Tr
[ −→
δ
δψ¯(−p) S¯Λ · S¯Λ
←−
δ
δψ∗(p)
+
−→
δ
δψ¯(−p) S¯Λ
←−
δ
δψ∗(p)
]
. (8.13)
We now substitute (8.12) into the above to express it in terms of SI,Λ. We skip the
intermediate steps which are long but straightforward.∗∗) Toward the end, we use
the anticommuting nature of c:∫
k,l
c(k)c(l)F (k, l) = 0 (8.14)
for any symmetric integration kernel F (k, l) = F (l, k). We finally obtain the result
Σ¯Λ = ΣΛ
[
Ashµ , c, ψ
sh, ψ¯sh
]
, (8.15)
where ΣΛ is the WT composite operator of QED defined in §6.1, and the fields are
shifted as (8.8) and (8.11). Since ΣΛ = 0 for arbitrary field variables, we obtain
Σ¯Λ = 0 . (8.16)
8.2. YM theories
For YM theories, the antifield formalism is essential for proving the possibility
of their construction. We recall, from §6.2, that we still have to derive the algebraic
relations (6.69), necessary in order to show the possibility of realizing ΣΛ = 0 by fine-
tuning the parameters. The first application of the ERG formulation and antifield
formalism was done by Becchi.17) This work was extended subsequently in 26),28)–
∗) In §11.1, we rederive this result using a functional method.
∗∗) The details of a similar calculation are given for the O(N) linear sigma model in Appendix E.
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30),32) among others. Our presentation here follows closely §7 of Ref. 17) with quite
a few additions for pedagogy.109)
In the presence of the antifields, the classical action is given by
S¯cl =
∫
d4x
[
−1
4
(
F aµν
)2
+
1
2ξ
(
c¯a∗ +
1
i
∂µA
a
µ
)2
+
(
Aa∗µ +
1
i
∂µc¯
a
)
(Dµc)
a + ca∗
g
2i
fabccbcc
]
. (8.17)
For convenience, we tabulate the antifields below:
field antifield statistics dimension ghost number
Aaµ A
a∗
µ Fermi 2 −1
ca ca∗ Bose 2 −2
c¯a c¯a∗ Bose 2 0
The ghost numbers are assigned so that the action has zero ghost number. The
classical action satisfies the classical master equation:
∫
d4x
[
δS¯cl
δAaµ
−→
δ
δAa∗µ
S¯cl +
δS¯cl
δc¯a∗
−→
δ
δc¯a
S¯cl − S¯cl
←−
δ
δca
δS¯cl
δca∗
]
= 0 . (8.18)
As in the case of QED, the BRST transformation of a field is given by the functional
derivative of the classical action with respect to the conjugate field:

δAaµ =
−→
δ
δAa∗µ
S¯cl =
1
i (Dµc)
a ,
δc¯a = δS¯clδc¯a∗ =
1
ξ
(
1
i ∂µA
a
µ + c¯
a∗
)
,
δca = δS¯clδca∗ =
g
2if
abccbcc .
(8.19)
We now consider the Wilson action S¯Λ in the presence of antifields. As in QED,
we can determine the dependence of the Wilson action on c¯a∗ and Aa∗µ . Let us
consider them one by one:
(i) c¯a∗ — This antifield is coupled linearly to the gauge field as∫
k
1
ξ
kµc¯
a∗(k)Aaµ(−k) . (8.20)
This generates the quadratic term
−1
2
∫
k
(1−K (k/Λ)) c¯a∗(−k)c¯a∗(k) (8.21)
and the shift
Aaµ(k) −→ Aaµ(k)−
1−K (k/Λ)
k2
kµc¯
a∗(k) (8.22)
in the interaction part of the Wilson action. This dependence on c¯a∗ is the same
as in QED.
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(ii) Aa∗µ — The ghost equation of motion (6.51) is now generalized to
kµ
−→
δ
δAa∗µ (−k)
S¯Λ = −K (k/Λ)
−→
δ
δc¯a(−k) S¯Λ , (8
.23)
since the BRST transformation of Aaµ is now given by
δAaµ(k) =
−→
δ
δAa∗µ (−k)
S¯Λ . (8.24)
(8.23) implies that the dependence of S¯Λ on A
a∗
µ and c¯
a is through a linear
combination∗)
Aa∗µ (−k)−
1
K (k/Λ)
kµc¯
a(−k) . (8.25)
Now that we have determined the dependence on c¯a∗ and Aa∗µ , the Wilson action
has the following form:
S¯Λ = SF,Λ + S¯I,Λ , (8.26)
where SF,Λ is given by (6.42), and
S¯I,Λ =
1
ξ
∫
k
c¯a∗(−k)kµAaµ(k) +
1
2ξ
∫
k
K (k/Λ) c¯a∗(−k)c¯a∗(k) +
∫
k
Aa∗µ (−k)kµca(k)
+S′I,Λ
[
Aaµ(k)−
1−K (k/Λ)
k2
kµc¯
a∗(k) , Aa∗µ (−k)−
1
K (k/Λ)
kµc¯
a(−k) ,
ca(k) , ca∗(−k)
]
. (8.27)
S¯Λ reduces to the Wilson action SΛ of §6.2 for the vanishing antifields. Especially,
we find
S′I,Λ
[
Aaµ(k) , −
1
K (k/Λ)
kµc¯
a(−k) , ca(k) , 0
]
= SI,Λ
[
Aaµ(k), c¯
a(−k), ca(k)] . (8.28)
The interaction action S¯I,Λ is determined by the Polchinski equation
−Λ ∂
∂Λ
S¯I,Λ =
∫
k
∆(k/Λ)
k2
[(
δµν − (1− ξ)kµkν
k2
)
×1
2
{
δS¯I,Λ
δAaµ(−k)
δS¯I,Λ
δAaν(k)
+
δ2S¯I,Λ
δAaµ(−k)δAaν(k)
}
+S¯I,Λ
←−
δ
δca(k)
·
−→
δ
δc¯a(−k) S¯I,Λ −
−→
δ
δc¯a(−k) S¯I,Λ
←−
δ
δca(k)
]
, (8.29)
∗) We recall that the Wilson action SΛ of a YM theory depends on c¯
a(−k) only through the
derivative kµc¯
a(−k).
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and an asymptotic behavior. For SU(2), the latter is given in the following form:
S¯I,Λ
Λ→∞−→
∫
d4x
[
Λ2a0(lnΛ/µ)
1
2
(
Aaµ
)2
+a1(lnΛ/µ)
1
2
(∂µA
a
ν)
2 + a2(lnΛ/µ)
1
2
(
∂µA
a
µ
)2
+a3(lnΛ/µ)gǫ
abc∂µA
a
ν · AbµAcν
+a4(lnΛ/µ)
g2
4
(
AaµA
a
µ
)2
+ a5(lnΛ/µ)
g2
4
(
AaµA
a
ν
)2
+a6(lnΛ/µ)
(
Aa∗µ +
1
i
∂µc¯
a
)
1
i
∂µc
a
+a7(lnΛ/µ)gǫ
abc
(
Aa∗µ +
1
i
∂µc¯
a
)
1
i
Abµc
c
+a8(lnΛ/µ)c
a∗ g
2i
ǫabccbcc
]
. (8.30)
We note that all the coefficients are the same as in §6.2; as for a0, · · · , a7, they
survive the limit of zero antifields, and as for a8, we must find
δS¯I,Λ
δca∗(−k)
∣∣∣
A∗=c∗=c¯∗=0
= Ca(k) . (8.31)
Hence, the introduction of the antifields does not increase the number of parameters
of the theory. We still have the same eight parameters
a1(0), · · · , a8(0) (8.32)
at our disposal.
Now, the quantum master operator is defined by
Σ¯Λ ≡
∫
k
K (k/Λ)
[ −→
δ
δAa∗µ (−k)
S¯Λ · δS¯Λ
δAaµ(k)
+
−→
δ
δAa∗µ (−k)
δS¯Λ
δAaµ(k)
+
δS¯Λ
δc¯a∗(k)
−→
δ
δc¯a(−k) S¯Λ +
δ
δc¯a∗(k)
−→
δ
δc¯a(−k) S¯Λ
− δS¯Λ
δca∗(−k) · S¯Λ
←−
δ
δca(k)
− δS¯Λ
δca∗(−k)
←−
δ
δca(k)
]
. (8.33)
This reduces to the WT composite operator ΣΛ (6.58) of §6.2 at the vanishing
antifields. We wish to fine-tune the eight parameters (8.32) to make Σ¯Λ vanish. The
possibility of such fine-tuning can be proven if we can derive the algebraic constraints
(6.69).
The derivation of (6.69) takes some steps. We first rewrite the quantum master
operator using all we know about the antifield dependence of S¯Λ. Substituting (8.26)
and (8.27) into the definition (8.33), we obtain
Σ¯Λ =
∫
k
K (k/Λ)
[{ −→
δ
δAa∗µ (−k)
S˜Λ · δS˜Λ
δAaν(k)
+
−→
δ
δAa∗µ (−k)
δS˜Λ
δAaν(k)
}
Pµν(k/Λ)
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− δS˜Λ
δca∗(−k) · S˜Λ
←−
δ
δca(k)
− δS˜Λ
δca∗(−k)
←−
δ
δca(k)
]
, (8.34)
where we define
Pµν(k) ≡ δµν + 1−K(k)
K(k)
kµkν
k2
, (8.35)
and
S˜Λ ≡ S¯Λ
+
1
2ξ
∫
k
1
K (k/Λ)
{
kµA
a
µ(k) +K (k/Λ) c¯
a∗(k)
} {kνAaν(−k)−K (k/Λ) c¯a∗(−k)}
= −1
2
∫
k
1
K (k/Λ)
Aaµ(k)A
a
ν(−k)
(
k2δµν − kµkν
)
+
∫
k
{
Aa∗µ (−k)−
1
K (k/Λ)
kµc¯
a(−k)
}
kµc
a(k)
+S′I,Λ
[
Aaµ(k) −
1−K (k/Λ)
k2
kµc¯
a∗(k) , Aa∗µ (−k)−
1
K (k/Λ)
kµc¯
a(−k) ,
ca(k) , ca∗(−k)
]
. (8.36)
Note that the quadratic kinetic term of the gauge field in S˜Λ is purely transverse.
Hence, S˜Λ depends only on the following combinations of the field variables:
Aaµ(k) −
1−K (k/Λ)
k2
kµc¯
a∗(k) , Aa∗µ (−k)−
1
K (k/Λ)
kµc¯
a(−k) , ca(k) , ca∗(−k) .
(8.37)
Therefore, shifting Aaµ and its antifield by terms proportional to kµ, we define a
modified quantum master operator by
ΣˆΛ
[
Aaµ, A
a∗
µ , c
a, ca∗
]
≡
∫
k
K (k/Λ)
[
Pµν(k/Λ)
{ −→
δ
δAa∗µ (−k)
SˆΛ · δSˆΛ
δAaν(k)
+
−→
δ
δAa∗µ (−k)
δSˆΛ
δAaν(k)
}
− δSˆΛ
δca∗(−k) · SˆΛ
←−
δ
δca(k)
− δSˆΛ
δca∗(−k)
←−
δ
δca(k)
]
, (8.38)
where SˆΛ is S˜Λ for the shifted variables, and defined by
SˆΛ
[
Aaµ(k), A
a∗
µ (−k), ca(k), ca∗(−k)
]
≡ −1
2
∫
k
Aaµ(k)A
a
ν(−k)
1
K (k/Λ)
(
k2δµν − kµkν
)
+
∫
k
Aa∗µ (−k)kµca(k)
+S′I,Λ
[
Aaµ(k), A
a∗
µ (−k), ca(k), ca∗(−k)
]
. (8.39)
Then, the quantum master equation
Σ¯Λ = 0 (8.40)
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is equivalent to the modified quantum master equation
ΣˆΛ = 0 . (8.41)
It is the modified action SˆΛ (8.39) and the corresponding quantum master oper-
ator ΣˆΛ (8.38) that we apply the general formalism developed in §7. Let us identify
the classical algebraic problem corresponding to (7.41):
δˆclSˆ
(l+1)
∞ = −Σˆ(l+1),u∞ . (8.42)
First, the classical action is given by
Sˆcl ≡
∫
d4x
[
−1
4
(
F aµν
)2
+Aa∗µ (Dµc)
a + ca∗
g
2i
ǫabccbcc
]
, (8.43)
which satisfies the classical master equation∫
d4x
[
δSˆcl
δAaµ
·
−→
δ
δAa∗µ
Sˆcl +
δSˆcl
δca∗
·
−→
δ
δca
Sˆcl
]
= 0 . (8.44)
Then, the classical BRST transformation is defined by
δˆcl ≡
∫
d4x
[
δSˆcl
δAaµ
−→
δ
δAa∗µ
+
−→
δ
δAa∗µ
Sˆcl
δ
δAaµ
+
δSˆcl
δca∗
−→
δ
δca
− Sˆcl
←−
δ
δca
δ
δca∗
]
, (8.45)
which is nilpotent
δˆ2cl = 0 (8.46)
due to the classical master equation. The most general form of Sˆ
(l+1)
∞ , for SU(2), is
given by
Sˆ(l+1)∞ =
∫
d4x
[
a
(l+1)
1
1
2
(∂µA
a
ν)
2 + a
(l+1)
2
1
2
(
∂µA
a
µ
)2
+a
(l+1)
3 gǫ
abc∂µA
a
ν ·AbµAcν
+a
(l+1)
4
g2
4
(
AaµA
a
µ
)2
+ a
(l+1)
5
g2
4
(
AaµA
a
ν
)2
+a
(l+1)
6 A
a∗
µ
1
i
∂µc
a + a
(l+1)
7 gǫ
abcAa∗µ
1
i
Abµc
c
+a
(l+1)
8 c
a∗ g
2i
ǫabccbcc
]
, (8.47)
where we use the familiar notation for the loop expansion
ai(0) =
∞∑
l=0
a
(l)
i . (8
.48)
Now, ΣˆΛ is a dimension 5 fermionic scalar composite operator of ghost number
+1. Hence, the most general form of Σˆ
(l+1)
∞ is given by
Σˆ(l+1)∞ =
∫
d4x
[
s1
1
i
ca∂2∂µA
a
µ
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+s2
1
i
gǫabcca∂2Abµ ·Acµ + s3
1
i
gǫabcca∂µ∂νA
b
ν · Acµ
+s4ig
2ca∂µA
a
µ ·AbνAbν + s5ig2ca∂µAaν ·AbµAbν + s6ig2caAaµ∂νAbνAbµ
+s7ig
2caAaµ∂νA
b
µA
b
ν + s8ig
2caAaµ∂µA
b
νA
b
ν
+s9gǫ
abc∂µc
acbAc∗µ + s10g
2cacbAa∗µ A
a
µ
]
, (8.49)
where s1, · · · , s10 are constants. Replacing Aa∗µ by 1i ∂µc¯a, this is the same as the
asymptotic behavior of Σ
(l+1)
Λ in the absence of the antifields. (See (6
.59).) Similarly,
Σˆ
(l+1),t
∞ and Σˆ
(l+1),u
∞ are parameterized by ti and ui, respectively, instead of si. Then,
Σˆ(l+1)∞ = Σˆ
(l+1),t
∞ + Σˆ
(l+1),u
∞ (8.50)
implies
si = ti + ui . (i = 1, · · · , 10) (8.51)
Since
Σˆ(l+1),t∞ = δˆclSˆ
(l+1)
∞ , (8.52)
ti is determined by a
(l+1)’s. But ui is determined only by the lower loop parameters.
Let us consider ti’s. (8.52) gives
t1 = a
(l+1)
1 + a
(l+1)
2 (8
.53a)
t2 = a
(l+1)
1 + a
(l+1)
3 + a
(l+1)
6 + a
(l+1)
7 (8
.53b)
t4 = a
(l+1)
3 + a
(l+1)
4 − a(l+1)6 − a(l+1)7 (8.53c)
t5 = −a(l+1)3 + a(l+1)5 + a(l+1)6 + a(l+1)7 (8.53d)
t9 = a
(l+1)
7 + a
(l+1)
8 , (8
.53e)
and
t3 = t1 − t2 , (8.54a)
t6 = t5 , (8.54b)
t7 = 2t4 , (8.54c)
t8 = t5 , (8.54d)
t10 = −t9 . (8.54e)
These are the same results as (6.67) & (6.68) that we have found in §6.2.
Next, we consider ui’s. The algebraic constraint
δˆclΣˆ
(l+1),u
∞ = 0 , (8.55)
implies
u3 = u1 − u2 , (8.56a)
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u6 = u5 , (8.56b)
u7 = 2u4 , (8.56c)
u8 = u5 , (8.56d)
u10 = −u9 . (8.56e)
These are the relations that were missing in §6.2.
Thus, Σˆ
(l+1)
∞ = 0 gives only five independent equations
s1 = s2 = s4 = s5 = s9 = 0 . (8.57)
The solution is given by
a
(l+1)
2 = −u1 − a(l+1)1 (8.58a)
a
(l+1)
4 = −u2 −
(
a
(l+1)
1 + a
(l+1)
3 + a
(l+1)
6
)
(8.58b)
a
(l+1)
5 = −u2 − u4 − a(l+1)1 − 2a(l+1)3 (8.58c)
a
(l+1)
7 = u2 − u5 + a(l+1)1 + 2a(l+1)3 (8.58d)
a
(l+1)
8 = u2 − u9 + a(l+1)1 + a(l+1)3 + a(l+1)6 , (8.58e)
where we have treated the normalization constants a
(l+1)
1,3,6 as independent parameters.
The simplest choice is to set them zero for l ≥ 0.
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§9. Axial and chiral anomalies
In this section we formulate the axial and chiral anomalies in the ERG formalism.
We restrict our discussions only to abelian anomalies, and it suffices to use only the
WT identity of §5. The anomalies have been computed in the ERG formalism in
Refs. 25), 34), 92), but here we follow an unpublished work by Igarashi, Itoh, and
Sonoda. For references, we would like to mention that the chiral anomalies have
been studied using the antifield formalism (but not ERG) in 114), 38), and using
the BRST cohomology (but not ERG) in 12)–15).
9.1. Axial anomaly in QED
In the following we wish to consider the axial vector current J5,µ in QED, and
compute its divergence
kµJ5,µ(−k) . (9.1)
To define the axial vector current precisely, it is convenient to couple an external
field Bµ to the axial vector current. In the Wilson action, we only consider Bµ up
to first order. Bµ introduces the following extra terms into the asymptotic behavior
of the action:
SI,Λ
Λ→∞−→
∫
d4x
[
· · ·+ a′3(lnΛ/µ)ψ¯γ5B/ψ + a5(lnΛ/µ)ǫαβγδBαAβ
1
i
∂γAδ
]
, (9.2)
where we have suppressed the terms independent of Bµ. We define the axial vector
current as the composite operator:
J5,µ(−k) ≡ δSI,Λ
δBµ(k)
. (9.3)
This has the asymptotic behavior
J5,µ(−k) Λ→∞−→ a′3(lnΛ/µ)
∫
p
ψ¯(−p− k)γ5γµψ(p)
+a5(lnΛ/µ)ǫµαβγ
∫
k1+k2=−k
Aα(k1)k2βAγ(k2) . (9.4)
The parameter a′3(0) normalizes the axial vector current, and the ratio a5(0)/a
′
3(0) is
determined by the WT identity of QED as we will see shortly. The above asymptotic
behavior implies
kµJ5,µ(−k) Λ→∞−→ a′3(lnΛ/µ)
∫
p
ψ¯(−p− k)γ5k/ψ(p)
+a5(lnΛ/µ)ǫαβγδ
∫
k1+k2=−k
k1αk2βAγ(k1)Aδ(k2) . (9.5)
To determine a5(0), we consider the WT identity in the presence of Bµ. In §6.1
we have found that the WT identity is given by
kµJµ(−k) = Φ(−k) . (9.6)
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The two composite operators are defined by
Jµ(−k) ≡ δSI,Λ
δAµ(k)
, (9.7)
and
Φ(−k) ≡ e
∫
p
K (p/Λ)
[
−SΛ
←−
δ
δψ(p)
[ψ]Λ(p − k) + [ψ¯]Λ(−p− k)
−→
δ
δψ¯(−p)SΛ
+Tr [ψ]Λ(p− k)
←−
δ
δψ(p)
− Tr
−→
δ
δψ¯(−p) [ψ¯]Λ(−p− k)
]
. (9.8)
In the presence of Bµ, the asymptotic behaviors of both kµJµ(−k) and Φ(−k) get
an extra term linear in Bµ:
kµJµ(−k) Λ→∞−→ · · · − a5(lnΛ/µ)ǫαβγδ
∫
k1+k2=−k
k1γk2δBα(k1)Aβ(k2) , (9.9)
Φ(−k) Λ→∞−→ · · · + b(lnΛ/µ)ǫαβγδ
∫
k1+k2=−k
k1γk2δBα(k1)Aβ(k2) , (9.10)
where the terms independent of Bµ are suppressed. Thus, the gauge invariance
requires
a5(0) = −b(0) . (9.11)
We leave open the convention for the normalization constant a′3(0) of the axial vector
current for later convenience.
We now consider the composite operator of type (4.32) at Bµ = 0:
Φ5(−k) ≡
∫
p
K (p/Λ)
[
SΛ
←−
δ
δψ(p)
γ5[ψ]Λ(p − k) + [ψ¯]Λ(p − k)γ5
−→
δ
δψ¯(−p)SΛ
−Tr γ5[ψ]Λ(p− k)
←−
δ
δψ(p)
−Tr
−→
δ
δψ¯(−p) [ψ¯]Λ(p− k)γ5
]
. (9.12)
This has the correlation functions:〈
Φ5(−k)Aµ1(k1) · · ·AµM (kM )ψ(p1) · · ·ψ(pN )ψ¯(−q1) · · · ψ¯(−qN )
〉∞
= −
N∑
i=1
{〈· · · γ5ψ(pi − k) · · ·〉∞ + 〈· · · ψ¯(−qi − k)γ5 · · ·〉∞} . (9.13)
The asymptotic behavior of Φ5(−k) has the following form:∗)
Φ5(−k) Λ→∞−→ a′(lnΛ/µ)
∫
p
ψ¯(−p− k)γ5k/ψ(p)
∗) Φ5 is a pseudo scalar even under charge conjugation. Hence, the dimension 4 pseudo scalars
ψ¯γ5A/ψ, ψ¯γ5
←→
∂/ ψ are forbidden.
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+b′(lnΛ/µ)ǫαβγδ
∫
k1+k2=−k
k1αk2βAγ(k1)Aδ(k2)
+c′(lnΛ/µ)im
∫
p
ψ¯(−p− k)γ5ψ(p) . (9.14)
To rewrite Φ5, we introduce two composite operators:
(i) [12FF˜ ]Λ with the asymptotic behavior[
FF˜ /2
]
Λ
(−k) Λ→∞−→ f1(lnΛ/µ)ǫαβγδ
∫
k1+k2=−k
k1αk2βAγ(k1)Aδ(k2)
+f2(lnΛ/µ)
∫
p
ψ¯(−p− k)γ5k/ψ(p) , (9.15)
where we choose the convention
f1(0) = 1 , f2(0) = 0 . (9.16)
(ii) J5 with the asymptotic behavior
J5(−k) Λ→∞−→ j(lnΛ/µ)
∫
p
ψ¯(−p− k)γ5ψ(p) . (9.17)
We will make a convenient choice for j(0) shortly.
We can now expand
Φ5(−k) = s kµJ5,µ(−k) + t
[
FF˜/2
]
Λ
+ u · imJ5(−k) , (9.18)
where s, t, u are Λ independent constants, dependent only on e2 and ξ. The right-
hand side has the asymptotic behavior
(RHS)
Λ→∞−→ (s a′3(lnΛ/µ) + t f2(lnΛ/µ))
∫
p
ψ¯(−p− k)γ5k/ψ(p)
+ (s a5(lnΛ/µ) + t f1(lnΛ/µ)) ǫαβγδ
∫
k1+k2=−k
k1αk2βAγ(k1)Aδ(k2)
+u j(lnΛ/µ)im
∫
p
ψ¯(−p− k)γ5ψ(p) . (9.19)
Comparing this with (9.14), we obtain

a′(lnΛ/µ) = s a′3(lnΛ/µ) + t f2(lnΛ/µ) ,
b′(lnΛ/µ) = −s b(lnΛ/µ) + t f1(lnΛ/µ) ,
c′(lnΛ/µ) = u j(lnΛ/µ) ,
(9.20)
where we have used (9.11). By adopting the convention
a′3(0) = a
′(0) , (9.21)
j(0) = c′(0) , (9.22)
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we obtain
s = 1 , (9.23)
t = b(0) + b′(0) , (9.24)
u = 1 . (9.25)
Hence, we obtain
Φ5(−k) = kµJ5,µ(−k) + imJ5(−k) +
(
b(0) + b′(0)
) [
FF˜ /2
]
(−k) . (9.26)
The last term gives the axial anomaly. We will show the 1-loop calculations of the
axial anomaly in the next subsection. From (9.48, 9.50), setting e′ = 1, we obtain
b(0) = e2
8
3
1
(4π)2
, b′(0) = e2
4
3
1
(4π)2
, (9.27)
so that the coefficient of the axial anomaly is
b(0) + b′(0) =
e2
4π2
. (9.28)
9.2. Chiral anomaly
9.2.1. U(1)V × U(1)A gauge theory
Let us try to construct a U(1)V × U(1)A gauge theory with massless fermions.
Its classical action is given by
Scl =
∫
d4x
[
−1
4
F 2µν −
1
2ξ
(∂µAµ)
2 − 1
4
G2µν −
1
2ξ′
(∂µBµ)
2
−∂µc¯∂µc− ∂µc¯′∂µc′ + ψ¯
(
−1
i
∂/ + eA/ + e′γ5B/
)
ψ
]
, (9.29)
where
Fµν ≡ ∂µAν − ∂νAµ , Gµν ≡ ∂µBν − ∂νBµ . (9.30)
This action is invariant under the following classical BRST transformation:

δǫAµ = ǫ
1
i ∂µc , δǫBµ = ǫ
1
i ∂µc
′ ,
δǫc = 0 , δǫc
′ = 0 ,
δǫc¯ = ǫ
1
ξ
1
i ∂µAµ , δǫc¯
′ = ǫ 1ξ′
1
i ∂µBµ ,
δǫψ = ǫ (ec− e′c′γ5)ψ , δǫψ¯ = ψ¯ǫ (−ec− e′c′γ5) ,
(9.31)
where ǫ is an arbitrary anticommuting constant.
The quantization follows the same line as for QED. We omit writing down the
Polchinski equation for the interaction action SI,Λ. Its asymptotic behavior is given
in the following form:
SI,Λ
Λ→∞−→
∫
d4x
[
Λ2a2(lnΛ/µ)
1
2
A2µ + Λ
2a′2(lnΛ/µ)
1
2
B2µ
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+c2(lnΛ/µ)
1
2
∂µAν∂µAν + d2(lnΛ/µ)
1
2
(∂µAµ)
2
+c′2(lnΛ/µ)
1
2
∂µBν∂µBν + d
′
2(lnΛ/µ)
1
2
(∂µBµ)
2
+a4(lnΛ/µ)
1
8
(
A2µ
)2
+ a′4(lnΛ/µ)
1
8
(
B2µ
)2
+ a′′4(lnΛ/µ)
1
4
A2µB
2
ν
+a5(lnΛ/µ)ǫαβγδBαAβ
1
i
∂γAδ
+ψ¯
{
af (lnΛ/µ)
1
i
∂/ + a3(lnΛ/µ)A/ + a
′
3(lnΛ/µ)γ5B/
}
ψ
]
. (9.32)
Here the a′′4, a5 terms are new features, not present in QED. Given Aµ is a vector,
and Bµ is an axial vector, we find that the a
′′
4, a5 terms are allowed by parity. (Note
ǫαβγδAαBβ∂γBδ and BµAµA
2
ν are forbidden by parity.)
We define the quantum BRST transformation by
δAµ(k) = kµǫc(k) , δBµ(k) = kµǫc
′(k) ,
δc(k) = 0 , δc′(k) = 0 ,
δc¯(−k) = ǫ1ξkµ[Aµ]Λ(−k) , δc¯′(−k) = ǫ 1ξ′kµ[Bµ]Λ(−k) ,
δψ(p) =
∫
k (eǫc(k)− e′ǫc′(k)γ5) [ψ]Λ(p − k) ,
δψ¯(−p) = ∫k[ψ¯]Λ(−p− k) (−eǫc(k) − e′ǫc′(k)γ5) , (9.33)
where the composite operators in the square brackets are defined as usual.
The corresponding WT composite operator is given by
ΣΛ ≡
∫
k
K (k/Λ)
[
δSΛ
δAµ(k)
δAµ(k) + δc¯(−k)
−→
δ
δc¯(−k)SΛ
+
δSΛ
δBµ(k)
δBµ(k) + δc¯
′(−k)
−→
δ
δc¯′(−k)SΛ
]
+
∫
p
K (p/Λ)
[
SΛ
←−
δ
δψ(p)
δψ(p) − Tr δψ(p)
←−
δ
δψ(p)
+δψ¯(−p)
−→
δ
δψ¯(−p)SΛ − Tr
−→
δ
δψ¯(−p)δψ¯(−p)
]
. (9.34)
Substituting the above BRST transformation, we can rewrite this as
ΣΛ = ǫ
∫
k
c(k) (kµJµ(−k)− Φ(−k)) + ǫ
∫
k
c′(k) (kµJ5,µ(−k)− Φ5(−k)) , (9.35)
where the composite operators are defined by
Jµ(−k) ≡ δSI,Λ
δAµ(k)
, J5,µ(−k) ≡ δSI,Λ
δBµ(k)
, (9.36)
and
Φ(−k) ≡ e
∫
p
K (p/Λ)
[
−SΛ
←−
δ
δψ(p)
[ψ]Λ(p− k) + Tr [ψ]Λ(p − k)
←−
δ
δψ(p)
]
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+e
∫
p
TrU(−p− k, p)
−→
δ
δψ¯(−p)SI,Λ
←−
δ
δψ(p + k)
, (9.37)
Φ5(−k) ≡ e′
∫
p
K (p/Λ)
[
SΛ
←−
δ
δψ(p)
γ5[ψ]Λ(p− k)−Tr γ5[ψ]Λ(p− k)
←−
δ
δψ(p)
]
+e′
∫
p
TrU(−p− k, p)γ5
−→
δ
δψ¯(−p)SI,Λ
←−
δ
δψ(p + k)
, (9.38)
where the matrix U is defined by (6.24) with m = 0:
U(−p− k, p) ≡ K ((p + k)/Λ) 1−K (p/Λ)
p/
− 1−K ((p + k)/Λ)
p/ + k/
K (p/Λ) . (9.39)
In the following we examine the asymptotic behavior of the WT composite op-
erator ΣΛ. We will restrict our discussion to the part relevant to chiral anomalies,
i.e., the part proportional to the ǫ tensor. The asymptotic behavior (9.32) implies{
kµJµ(−k) Λ→∞−→ −a5 ǫαβγδ
∫
k1+k2=−k
k1γk2δBα(k1)Aβ(k2) ,
kµJ5,µ(−k) Λ→∞−→ +a5 ǫαβγδ
∫
k1+k2=−k
k1γk2δAα(k1)Aβ(k2) .
(9.40)
We have only one parameter a5(0) at our disposal.
On the other hand, assuming parity, the asymptotic behaviors (only the part
proportional to the ǫ tensor) of Φ,Φ5 are expected to be of the following form:{
Φ(−k) Λ→∞−→ ǫαβγδ
∫
k1+k2=−k
k1γk2δ bBα(k1)Aβ(k2) ,
Φ5(−k) Λ→∞−→ ǫαβγδ
∫
k1+k2=−k
k1γk2δ (b
′Aα(k1)Aβ(k2) + b
′′Bα(k1)Bβ(k2)) .
(9.41)
Thus, for ΣΛ = 0, we need to find
b′′ = 0 , and b+ b′ = 0 . (9.42)
If this is the case, we can make ΣΛ vanish by choosing
a5 = −b . (9.43)
Let us compute b, b′, b′′ at 1-loop. Only the second integrals of (9.37) and (9.38)
contribute.
(i) b — The BA term of Φ is given by the Feynman diagram in Fig. 25 and the
one with Bα and Aβ interchanged. The graph gives the integral
Tαβ(k1, k2) ≡
∫
p
Tr eU(−p − k, p)e′γ5γα 1−K ((p− k1)/Λ)
p/− k/1
eγβ , (9.44)
where U is defined by (9.39). Its Λ→∞ limit can be calculated as follows:
Tαβ(k1, k2) = e
′e2
∫
p
U(−p+ k2, p + k1)γ5γα 1−K (p/Λ)
p/
γβ
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k
p+kp
B α A βp-k 1
Fig. 25. A Feynman diagram contributing to Φ(−k). The broken line gives eU .
= e′e2
∫
p
Tr
[
γ5γα
1−K (p/Λ)
p/
γβ ·
{
K ((p− k2)/Λ) 1−K ((p+ k1)/Λ)
p/ + k/1
−1−K ((p − k2)/Λ)
p/− k/2
K ((p+ k1)/Λ)
}]
= e′e2
∫
p
1−K (p/Λ)
p2
[
K ((p− k2)/Λ) (1−K ((p+ k1)/Λ))
(p+ k1)2
Tr γ5γαp/γβk/1
−K ((p+ k1)/Λ) (1−K ((p− k2)/Λ))
(p− k2)2 Tr γ5γαp
/γβ
(−k/2)
]
= 4e′e2
∫
p
1−K (p/Λ)
p2
[
K ((p − k2)/Λ) (1−K ((p+ k1)/Λ))
(p+ k1)2
ǫαγβδpγk1δ
−K ((p+ k1)/Λ) (1−K ((p− k2)/Λ))
(p− k2)2 ǫαγβδpγ(−k2δ)
]
. (9.45)
Finally, using ∫
p
(1−K (p/Λ))2
p4
K ((p− k2)/Λ) pγ
= Λ
∫
p
(1−K(p))2
p4
K
(
p− k2
Λ
)
pγ
Λ→∞−→
∫
p
(1−K(p))2
p4
∆(p)
(pk2)pγ
p2
=
1
6(4π)2
k2γ , (9.46)
we obtain
Tαβ(k1, k2)
Λ→∞−→ e′e2 4
3
1
(4π)2
ǫαβγδk1γk2δ . (9.47)
The other graph gives the same contribution, and altogether we obtain
b = e′e2
8
3
1
(4π)2
. (9.48)
(ii) b′ — The AA term of Φ5 is given by the diagram in Fig. 26, similar to the previ-
ous diagram. The difference is in the use of Uγ5 instead of U , and replacement
of B by A. There is one more graph obtained by interchanging Aα(k1) and
Aβ(k2). The graph in Fig. 26 gives∫
p
Tr e′U(−p− k, p)γ5eγα 1−K ((p− k1)/Λ)
p/− k/1
eγβ
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k
p+kp
A α A βp-k 1
5
Fig. 26. The broken line gives e′Uγ5.
= Tαβ(k1, k2)
Λ→∞−→ e′e2 4
3
1
(4π)2
ǫαβγδk1γk2δ . (9.49)
The other graph gives the same. Hence, we obtain
b′ = e′e2
4
3
1
(4π)2
=
b
2
. (9.50)
(iii) b′′ — The BB term of Φ5 can be calculated similarly. We obtain
b′′ = (e′)3
4
3
1
(4π)2
. (9.51)
Thus, we find
b′′ 6= 0 , b+ b′ 6= 0 . (9.52)
No matter what we choose as a5, we cannot satisfy ΣΛ = 0. At best, we can save
the vector gauge invariance by choosing
a5 = −b = −e′e2 8
3
1
(4π)2
. (9.53)
This leaves us the following chiral anomaly:
ΣΛ
Λ→∞−→ − 1
(4π)2
∫
k1,k2
ǫαβγδk1γk2δ c
′(−k1 − k2)
×
(
4e′e2Aα(k1)Aβ(k2) +
4
3
(e′)3Bα(k1)Bβ(k2)
)
. (9.54)
9.2.2. U(1)R gauge theory
We construct a quantum theory whose classical action is given by
Scl =
∫
d4x
[
−1
4
F 2µν +
1
2ξ
(∂µAµ)
2 − ∂µc¯∂µc+ ψ¯R
(
−1
i
∂/ + eA/
)
ψR
]
, (9.55)
where ψR and ψ¯R are chiral:
1 + γ5
2
ψR = ψR , ψ¯R
1− γ5
2
= ψ¯R . (9.56)
For the quantum theory, the WT composite operator is given by
ΣΛ = ǫ
∫
k
c(k)
(
kµ
δSI,Λ
δAµ(k)
− ΦR(−k)
)
, (9.57)
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where
ΦR(−k) ≡ e
∫
p
K (p/Λ)
[
−SΛ
←−
δ
δψR(p)
[ψR]Λ(p− k) + [ψ¯R]Λ(−p− k)
−→
δ
δψ¯(−p)SΛ
+Tr
1 + γ5
2
U(−p− k, p)
−→
δ
δψ¯R(−p)
SI,Λ
←−
δ
δψR(p+ k)
]
, (9.58)
where U is defined by (9.39). ΦR has the asymptotic behavior
ΦR(−k) Λ→∞−→
(
Λ2a¯2(lnΛ/µ) + k
2d¯2(lnΛ/µ)
)
kµAµ(−k)
+a¯3(lnΛ/µ)
∫
p
ψ¯R(−p− k)k/ψR(p)
+b(lnΛ/µ)ǫαβγδ
∫
k1+k2=−k
k1αk2βAγ(k1)Aδ(k2)
+a¯4(lnΛ/µ)
1
2
∫
k1,k2
Aν(k1)Aν(k2)kµAµ(−k − k1 − k2) . (9.59)
Compared with Φ for QED, ΦR has an extra term proportional to the ǫ tensor. On
the other hand, the asymptotic behavior of SI,Λ has the same form as for QED:
SI,Λ
Λ→∞−→
∫
d4x
[
Λ2a2(lnΛ/µ)
1
2
A2µ
+c2(lnΛ/µ)
1
2
∂µAν∂µAν + d2(lnΛ/µ)
1
2
(∂µAµ)
2
+a4(lnΛ/µ)
1
4!
(
A2µ
)2
+af (lnΛ/µ)ψ¯R
1
i
∂/ψR + a3(lnΛ/µ)ψ¯RA/ψR
]
, (9.60)
which implies
kµ
δSI,Λ
δAµ(k)
Λ→∞−→ (Λ2a2(lnΛ/µ) + k2(c2 + d2)(lnΛ/µ)) kµAµ(−k)
+a3(lnΛ/µ)
∫
p
ψ¯R(−p− k)k/ψR(p)
+a4(lnΛ/µ)
1
2
∫
k1,k2
Aν(k1)Aν(k2)kµAµ(−k − k1 − k2) . (9.61)
Hence, unless
b(0) = 0 (9.62)
by chance, we cannot satisfy the Ward identity by adjusting the parameters in hands.
At 1-loop, the coefficient b can be calculated from Fig. 25 where Bα is replaced
by Aα, and U is multiplied by the projection operator
1+γ5
2 from the left. We obtain∫
p
Tr
1 + γ5
2
eU(−p− k, p)eγα 1−K ((p− k1)/Λ)
p/− k/1
eγβ
= −1
2
Tαβ(k1, k2)
∣∣∣
e′=e
Λ→∞−→ −e3 2
3
1
(4π)2
ǫαβγδk1γk2δ , (9.63)
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where e′ is replaced by e. There is another graph with Aα(k1) and Aβ(k2) inter-
changed. Hence, we obtain
b(0) = −e3 2
3
1
(4π)2
. (9.64)
Therefore, we cannot satisfy the WT identity.
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§10. Functional integral approach to the antifield formalism
In §§7 & 8 we have adapted the antifield formalism to the ERG framework.
Though our discussion has been limited to perturbation theory, we have obtained
an important conclusion: realization of symmetry is reduced to solving a classical
algebraic problem. The purpose of the present section is to give a second look at the
adaptation of the antifield formalism without relying on perturbative expansions.
The antifield formalism of Batalin and Vilkovisky16)49)51) can provide us with
a systematic description of any symmetry present in a theory. In the following we
apply the antifield formalism to the bare and Wilson actions. The quantum master
equation (QME), satisfied by an action, signals the presence of symmetry, naturally
extending the WT identity discussed in §5. As opposed to §§7 & 8, where we have
constructed the continuum limit directly, we start from a bare action at a UV scale
Λ0. Following the procedure of §2 we construct a Wilson action by integrating the
fields over the momenta between Λ0 and Λ (< Λ0). With Λ0 kept finite, the resulting
ERG trajectory approaches the trajectory of the continuum limit S¯Λ only as Λ→ 0.
(See Fig. 16.) Nevertheless, by keeping Λ0 finite, we can manage to write down
more explicit expressions for the antifield dependence of the Wilson action,53), 65), 67)
compared with the perturbative construction in terms of the asymptotic behavior in
§§7 & 8.
We discuss only a generic gauge theory in this section, and give concrete exam-
ples in the next section. A global symmetry can be treated in a similar manner,64)59)
though we do not discuss it here.∗) The organization of this section is as follows. In
§10.1, we first review the classical antifield formalism, and then explain the modifica-
tion necessary for quantized systems. For classical systems a symmetry is realized as
a classical master equation (CME), and for quantum systems as a quantum master
equation (QME). We then show, in §10.2, how to adapt the formalism in the pres-
ence of a UV cutoff, and in §10.3, how the QME relates to the WT identity. In §10.4
we derive explicit antifield dependence of the Wilson action, assuming a simple form
for the BRST transformation of the bare action. In §10.5 we introduce the effective
average action, and rewrite the QME for the Wilson action as the so-called “modified
Slavnov-Taylor identity”40) for the average action. Finally, in §10.6 we discuss an
implication of the nilpotency of the BRST transformation.
In this section, we adopt a notation that can handle bosonic and fermionic fields
equally in order to respect the canonical structure of the antifield formalism. We use
the symbol φA with a suffix A for fields, and distinguish their statistics by Grassmann
parity ǫA mod 2:
ǫ(φA) = ǫA ≡
{
0 bosonic ,
1 fermionic .
(mod 2) (10.1)
Though not mentioned explicitly in §§7 & 8, a field and its corresponding antifield
form a canonical pair. In order to keep the canonical structure, we rescale an antifield
∗) The QME for chiral symmetry is an extension of the well-known Ginsparg-Wilson relation.47)
In §6.5 we have briefly discussed the WT identity for the axial symmetry.
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by the cutoff function K (p/Λ). Hence, we must replace the antifield φ∗(p) of the
previous sections by K (p/Λ)φ∗(p) to get the corresponding results in this section.
10.1. The Batalin-Vilkovisky antifield formalism
Let us consider a classical gauge fixed action Scl[φ] that is invariant under the
nilpotent BRST transformation δφA:∗)
δScl ≡ ∂
rScl
∂φA
δφA = 0 . (10.2)
The fields φA represent collectively gauge and matter fields as well as (anti)ghosts
and B-fields.∗∗) The index A represents any index to distinguish different types of
fields, such as momentum, the Lorentz index for a vector field, and the spinor index
for a spinor field. Hence, the Einstein convention for repeated A includes integration
over momenta.
By introducing an antifield φ∗A for each field φ
A, we define an extended action
S¯cl[φ, φ
∗] ≡ Scl[φ] + φ∗AδφA . (10.3)
The antifield φ∗A has the opposite Grassmann parity to that of φ
A:
ǫ(φ∗A) ≡ ǫ(φA) + 1 . (mod 2) (10.4)
We also assign ghost numbers to φA and φ∗A so that they add up to −1.
In the space of φA and φ∗A, we define a canonical structure by introducing an
antibracket: for any field variables X and Y , we define
(X, Y ) ≡ ∂
rX
∂φA
∂lY
∂φ∗A
− ∂
rX
∂φ∗A
∂lY
∂φA
. (10.5)
Fields φA and their antifields φ∗A are canonical conjugate pairs, satisfying
(φA, φ∗B) = δ
A
B , (φ
A, φB) = (φ∗A, φ
∗
B) = 0 . (10.6)
We now define the BRST transformation of an arbitrary variable X by
δX ≡ (X, S¯cl) . (10.7)
This generalizes δφA for the fields φA; for example, it gives the transformation of
antifields by
δφ∗A = −
∂lS¯cl
∂φA
. (10.8)
Following the definitions (10.3), (10.5), (10.7), we obtain
(S¯cl , S¯cl) = 2
(
δScl + φ
∗
Aδ
2φA
)
, (10.9)
∗) The right (left) derivative is indicated by the superscript r (l).
∗∗) The B field is an auxiliary field which is equal to the divergence of the gauge field ∂µAµ by
the equation of motion. We introduce this to avoid the quadratic term (c¯∗)2 in S¯cl (10.3).
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where δScl is defined by (10.2). Hence, if δScl = 0 (10.2), and the original BRST
transformation is nilpotent
δ2φA = 0 , (10.10)
we obtain the classical master equation (CME):
(S¯cl , S¯cl) = 0 . (10.11)
Thus, CME is equivalent to the combination of the BRST invariance of Scl (10.2)
and the nilpotency (10.10). In fact the nilpotency of the BRST transformation (10.7)
remains valid, even if δ acts on an arbitrary variable X, dependent on both φA and
φ∗A; applying δ twice, we obtain
δ2X =
(
δX , S¯cl
)
=
(
(X , S¯cl) , S¯cl
)
= (X , (S¯cl , S¯cl)) . (10.12)
Hence, (10.11) implies the general nilpotency:
δ2X = 0 . (10.13)
We now apply the BV formalism to quantum systems with BRST invariance.
Let S¯[φ, φ∗] be an action that defines a quantum system via functional integration
over φ: S¯ is either a bare action with a UV cutoff Λ0, or a Wilson action with a
lower cutoff Λ. Under the BRST transformation of fields
δφA =
∂lS¯
∂φ∗A
, (10.14)
the action changes by the quantum master operator:
Σ¯[φ, φ∗] ≡ ∂
rS¯
∂φA
∂lS¯
∂φ∗A
+
∂r
∂φA
δφA =
1
2
(S¯, S¯) +∆S¯ , (10.15)
where we define
∆ ≡ (−)ǫA+1 ∂
r
∂φA
∂r
∂φ∗A
. (10.16)
The first term is the classical change of the action under the BRST transforma-
tion (10.14). The second term is the contribution from the jacobian of the BRST
transformation. The system is BRST invariant quantum mechanically if the two
contributions cancel:
Σ¯[φ, φ∗] = 0 . (10.17)
We call this equation the quantum master equation (QME). Note that the
quantum master operator (10.15) appears somewhat different from (7.2); the cutoff
dependent factor K (p/Λ) is missing in (10.15). This is due to the adoption of a
different normalization of the antifields, as mentioned in the last paragraph before
§10.1.
In the antifield formalism, we define the quantum BRST transformation as
δQX ≡ (X, S¯) +∆X (10.18)
Realization of symmetry in the ERG approach 111
for an arbitrary variable X. Without assuming QME, we obtain two important
identities:
δQΣ¯[φ, φ
∗] = 0 , (10.19)
δ2QX = (X, Σ¯[φ, φ
∗]) . (10.20)
These identities are algebraic, consequences of the definitions of the quantum mas-
ter operator (10.15) and the quantum BRST transformation (10.18). The identity
(10.19) is crucial for the perturbative construction of symmetric theories, as shown
in §§7 & 8. Eq. (10.20) implies that the quantum BRST transformation (10.18) is
nilpotent if and only if QME (10.17) holds. Note the importance of the second term
in (10.18). If we defined the BRST transformation without it by
δX ≡ (X, S¯) , (10.21)
we would obtain
δ2X = (X, (S¯, S¯)) , (10.22)
and hence nilpotency demands CME instead of QME. For a generic quantum system,
however, what holds is QME, but not CME. Therefore, it is the quantum BRST
transformation that can be nilpotent.
10.2. Scale change in the functional integral approach
The action S¯ of the previous subsection is either a bare action S¯B or the corre-
sponding Wilson action S¯Λ.
∗) We recapitulate the important results of §2 using the
notation adopted in the present section.
Let S¯B be an action defined at the UV scale Λ0 in the presence of antifields:
S¯B [φ, φ
∗] ≡ SB[φ] + φ∗ · δφ , (10.23)
where SB is the sum of the gaussian and interaction terms:
SB[φ] ≡ −1
2
φ ·K−10 D · φ+ SI,B[φ] . (10.24)
Here, we have adopted the matrix notation for momentum integrals:
φ ·K−10 D · φ ≡
∫
p
φA(−p) 1
K0(p)
DAB(p)φ
B(p) , (10.25)
φ∗ · δφ ≡
∫
p
φ∗A(−p)φA(p) . (10.26)
We have assumed that the antifield dependence of S¯B is strictly linear.
By introducing sources JA, we define the generating functional
Z¯B [J, φ
∗] ≡
∫
Dφ exp (S¯B [φ, φ∗] +K−10 J · φ) . (10.27)
∗) As in §2 we denote a bare action by SB and a Wilson action by SΛ. As in §§7 & 8 we also
put a bar to denote the dependence on antifields.
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In performing the above functional integral, we decompose the fields φA into the IR
fields ΦA and UV fields χA, where the propagators of each class of fields are given
by
K0(p) (DAB(p))
−1 for φA ,
K(p) (DAB(p))
−1 for ΦA ,
(K0(p)−K(p)) (DAB(p))−1 for χA .
(10.28)
Note that ΦA carry the momenta below Λ, and χA those between Λ0 and Λ.
We now introduce the Wilson action65)65)
S¯Λ[Φ,Φ
∗] ≡ −1
2
Φ ·K−1D · Φ+ S¯I,Λ[Φ,Φ∗] , (10.29)
where the interaction part is defined by the functional integral over the UV fields
χA:
exp
(
S¯I,Λ[Φ,Φ
∗]
) ≡ ∫ Dχ exp [−1
2
χ · (K0 −K)−1D · χ+ S¯I,B[Φ+ χ, φ∗]
]
. (10.30)
The two antifields φ∗, Φ∗ are related simply as
K Φ∗A = K0 φ
∗
A . (10.31)
We define the generating functional of the Wilson action by
Z¯Λ[J, Φ
∗] =
∫
DΦ exp (S¯Λ[Φ,Φ∗] +K−1J · Φ) . (10.32)
The two generating functionals (10.27) and (10.32) are related by (2.29), which
is rewritten as
Z¯B [J, φ
∗] = NJ Z¯Λ[J, Φ
∗] , (10.33)
where the normalization factor NJ is given by
lnNJ = −(−)
ǫA
2
JAK
−1
0 K
−1(K0 −K)
(
D−1
)AB
JB . (10.34)
Because of its importance, we wish to rederive it using the present notation. The
main tool is the triviality of the gaussian integral:∫
Dθ exp
[
− 1
2
(
θ − J (K0 −K)D−1
)
· D
K0K(K0 −K)
·
(
θ − (−)ǫ(J)D−1(K0 −K)J
)]
= const . (10.35)
We substitute this into the partition function Z¯B[J, φ
∗] defined by (10.27), and
perform a canonical change of variables from {φ, φ∗, θ, θ∗} to {Φ, Φ∗, χ, χ∗},
where
φA = ΦA + χA , θA = (K0 −K)ΦA −KχA ,
φ∗A = K
−1
0 [KΦ
∗
A + (K0 −K)χ∗A] , θ∗A = K−10 (Φ∗A − χ∗A) .
(10.36)
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Then, we obtain
Z¯B [J, φ
∗] = NJ
∫
DΦDχ exp
[
−1
2
Φ ·K−1D · Φ+K−1 J · Φ
−1
2
χ · (K0 −K)−1D · χ+ S¯I,B[Φ+ χ, φ∗]
]
, (10.37)
where NJ is given by (10.34). This is independent of the antifields χ
∗, and we may
adopt a gauge choice
χ∗A = 0 . (10.38)
This gives
K0 φ
∗
A = K Φ
∗
A. (10.39)
We will justify this relation shortly. With the above gauge choice, we obtain (10.33)
& (10.34), where the Wilson action is defined by (10.29) & (10.30).
The partition function Z¯B does not depend on the IR cutoff Λ so that
Λ
∂
∂Λ
Z¯B = 0 . (10.40)
This yields the Polchinski differential equation94)
−Λ ∂
∂Λ
S¯Λ =
∫
p
(
K−1∆
)
(p)
[
ΦA(p)
∂lS¯Λ
∂ΦA(p)
− Φ∗A(p)
∂lS¯Λ
∂Φ∗A(p)
]
+
1
2
∫
p
(−)ǫA(D−1∆)AB(p)[ ∂lS¯Λ
∂ΦB(−p)
∂rS¯Λ
∂ΦA(p)
+
∂l∂rS¯Λ
∂ΦB(−p)∂ΦA(p)
]
, (10.41)
where we define
∆(p/Λ) ≡ Λ ∂
∂Λ
K (p/Λ) (10.42)
as in (2.47). S¯Λ is completely determined by the Polchinski differential equation and
the initial condition
S¯Λ[Φ, Φ
∗]
∣∣∣
Λ=Λ0
= S¯B[Φ, Φ
∗] . (10.43)
We can define a composite operator O¯Λ[Φ,Φ∗] as a functional that satisfies the
differential equation (4.5). Using the present notation, we obtain
−Λ ∂
∂Λ
O¯Λ = D¯ · O¯Λ , (10.44)
where
D¯ ≡ −(K−1∆)Φ∗A
∂l
∂Φ∗A
+(−)ǫA (D−1∆)AB (∂lS¯I,Λ
∂ΦB
∂r
∂ΦA
+
1
2
∂l∂r
∂ΦB∂ΦA
)
. (10.45)
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Note that the first term of (10.45), rescaling of the antifield, is a consequence of
(10.39). Hence, the factor K−1 is necessary in order to make
K−1
∂S¯Λ
∂Φ∗A
(10.46)
composite operators.
For later convenience, we recall an alternative definition of composite opera-
tors. Given an arbitrary functional O¯B [φ, φ∗] at the UV scale, the corresponding IR
composite operator O¯Λ[Φ,Φ∗] is constructed as
O¯Λ[Φ,Φ∗] exp
(
S¯I,Λ[Φ,Φ
∗;Λ]
) ≡ ∫ Dχ O¯B [Φ+ χ, φ∗]
· exp
[
−1
2
χ · (K0 −K)−1D · χ+ S¯I,B[Φ + χ, φ∗]
]
. (10.47)
This implies 〈O¯Λ[Φ,Φ∗]〉S¯Λ,K−1J = N−1J 〈O¯B [φ, φ∗]〉S¯B ,K−10 J (10.48)
in the presence of arbitrary sources J coupled linearly to the fields.
10.3. WT identity and QME
In this subsection we consider the cutoff dependence of the quantum master
operator. Our starting point is the BRST transformation of fields at the UV scale
Λ0, given in terms of an anticommuting constant λ as
φA → φ′A = φA + δλφA , δλφA = δφAλ = K0RA[φ] λ . (10.49)
In computing the generating functional (10.27), we consider changing integration
variables from φ to φ′. If the jacobian is properly taken into account, the integral
does not depend on the choice of integration variables. Hence, we obtain∫
Dφ
(
K−10 J · δφ+ΣB [φ] +
∂r(φ∗ · δφ)
∂φA
δφA
)
× exp (S¯B[φ, φ∗] +K−10 J · φ) = 0 , (10.50)
where ΣB[φ] is the WT operator defined by
ΣB [φ] ≡ ∂
rSB
∂φA
δφA +
∂r
∂φA
δφA . (10.51)
ΣB [φ] is the sum of the change of the original gauge fixed action SB [φ]
δλSB =
∂rSB
∂φA
δλφ
A , (10.52)
and the contribution from the jacobian
δλ lnDφ = (−)ǫA ∂
r
∂φA
δλφ
A =
∂r
∂φA
δφAλ . (10.53)
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The quantum master operator defined by∗)
Σ¯B =
1
2
(S¯B , S¯B) +∆S¯B (10.54)
is indeed given as the sum of the WT operator and the third term of (10.50):
Σ¯B[φ, φ
∗] =
∂rS¯B
∂φA
δφA +
∂r
∂φA
δφA = ΣB[φ] +
∂r(φ∗ · δφ)
∂φA
δφA , (10.55)
where we have used δφA = ∂lS¯B/∂φ
∗
A. Hence, we obtain a simple relation between
the QM and WT operators:
Σ¯B = ΣB + φ
∗ · δ2φ . (10.56)
As CME implies both the BRST invariance of the action and the nilpotency of the
BRST transformation, QME also implies both. In contrast, the WT identity implies
only the invariance of the action.
We now rewrite (10.50) as〈
Σ¯B[φ, φ
∗]
〉
S¯B ,K
−1
0 J
= −K−10 J · 〈δφ〉S¯B ,K−10 J . (10.57)
Setting φ∗ = 0, we obtain an analogous relation for the WT operator:
〈ΣB [φ]〉SB ,K−10 J = −K
−1
0 J · 〈δφ〉SB ,K−10 J . (10.58)
Using (10.49), we obtain
K−10 〈δφ〉S¯B ,K−10 J = 〈R[φ]〉S¯B ,K−10 J = R
[
K0∂
l
J
]
Z¯B [J, φ
∗] , (10.59)
where the differential operator RA[K0∂lJ ] is called the Slavnov operator. Setting
φ∗ = 0 we obtain
K−10 〈δφ〉SB ,K−10 J = R
[
K0∂
l
J
]
ZB[J ] . (10.60)
Therefore, we can rewrite (10.57) and (10.58) as〈
Σ¯B [φ, φ
∗]
〉
S¯B ,K
−1
0 J
= −J · R
[
K0∂
l
J
]
Z¯B [J, φ
∗] , (10.61)
〈ΣB[φ]〉SB ,K−10 J = −J · R
[
K0∂
l
J
]
ZB [J ] . (10.62)
We note that the above relations, being based upon the functional relation (10.50),
are valid whether or not the bare action is invariant under the BRST transformation
(10.49).
We now wish to transform (10.61) into an equivalent condition on the Wilson
action S¯Λ. We first apply (10.47) to define the QM operator Σ¯Λ[Φ,Φ
∗] for the IR
theory by
Σ¯Λ[Φ,Φ
∗] exp
(
S¯I,Λ[Φ,Φ
∗]
) ≡ ∫ Dχ Σ¯B[Φ+ χ, φ∗]
× exp
[
−1
2
χ · (K0 −K)−1D · χ+ S¯I,B[Φ+ χ, φ∗]
]
. (10.63)
∗) Note that ∆ here is (10.16), but not the log derivative of K.
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Then, (10.48) implies〈
Σ¯Λ[Φ,Φ
∗]
〉
S¯Λ,K−1J
= N−1J
〈
Σ¯B [φ, φ
∗]
〉
S¯B ,K
−1
0 J
. (10.64)
We also define the IR operator δΦA corresponding to δφA by
K−1δΦA[Φ,Φ∗] exp
(
S¯I,Λ[Φ,Φ
∗]
)
(10.65)
≡
∫
DχK−10 δφA[Φ+ χ] exp
[
−1
2
χ · (K0 −K)−1D · χ+ S¯I,B[Φ+ χ, φ∗]
]
.
Eq. (10.48) implies〈
K−1δΦA
〉
S¯Λ,K−1J
= N−1J
〈
K−10 δφ
A
〉
S¯B,K
−1
0 J
. (10.66)
Denoting
RA[Φ,Φ∗] ≡ K−1δΦA[Φ,Φ∗] , (10.67)
we can rewrite (10.66) as
RA[K∂lJ , Φ
∗]Z¯Λ[J, Φ
∗] = N−1J RA[K0∂lJ ]Z¯B [J, φ∗] . (10.68)
Hence, using (10.64) and (10.68), we can transform (10.61) into〈
Σ¯Λ[Φ,Φ
∗]
〉
S¯Λ,K−1J
= −J · R[K∂lJ , Φ∗]Z¯Λ[J, Φ∗] , (10.69)
which is the desired relation.
The above relation implies
Σ¯Λ[Φ,Φ
∗] =
∂rS¯Λ[Φ,Φ
∗]
∂ΦA
δΦA +
∂r
∂ΦA
δΦA . (10.70)
This has the form expected for the quantum master operator; here the relevant action
is the Wilson action S¯Λ defined at an IR scale Λ, and the BRST transformation δΦ
A
of the IR field is a composite operator if multiplied by K−1.
Similarly, we can transform (10.62) into
〈ΣΛ[Φ]〉SΛ,K−1J = −J ·R[K∂lJ ]ZΛ[J ] , (10.71)
where the WT operator and the BRST transformation are obtained by setting Φ∗ to
zero:
ΣΛ[Φ] ≡ Σ¯Λ [Φ,Φ∗]
∣∣
Φ∗=0
=
∂rSΛ[Φ]
∂ΦA
δΦA[Φ] +
∂r
∂ΦA
δΦA[Φ] , (10.72)
δΦA[Φ] ≡ δΦA [Φ,Φ∗] ∣∣
Φ∗=0
= KRA[Φ] . (10.73)
So far our discussion has been kept very general; we have only assumed that the
bare action S¯B takes the form of (10.23) & (10.24). For symmetric theories the QME
must hold: Σ¯B and hence Σ¯Λ must vanish. For renormalizable theories, the QME
need not hold for any finite Λ0, but it must hold in the limit Λ0 → ∞. In general
it is a difficult problem to construct a bare action that satisfies the QME exactly;
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in §§7 & 8 we have discussed this problem directly in the limit Λ0 → ∞, but only
perturbatively. For anomaly-free renormalizable theories, we can exepect that the
quantum master operator behaves as
Σ¯B [φ, φ
∗] = O(1/Λ0) ,
for a large but finite value of Λ0.
∗) To be more precise, we expect〈
Σ¯B[φ, φ
∗]
〉
S¯B,K
−1
0 J
= O(1/Λ0) , (10.74)
or equivalently,
J · R[K0∂lJ ]Z¯B [J, φ∗] = O(1/Λ0) (10.75)
for an arbitrary source J .∗∗) This is the statement of the BRST invariance of the
bare theory defined at the UV scale Λ0. As a consequence of (10.64), the QME for
the Wilson action S¯Λ is given either as
Σ¯Λ[Φ,Φ
∗] = O(1/Λ0) , (10.76)
or
J ·R[K∂lJ , Φ∗] Z¯Λ[J, Φ∗] = O(1/Λ0) . (10.77)
Before concluding this subsection, we consider a particular class of BRST trans-
formation
δφA = K0RA[φ] = K0
(
R(1)AB(Λ0) φB +
1
2
R(2)ABC(Λ0) φBφC
)
, (10.78)
which are at most quadratic in fields. The BRST transformation for QED and
YM theories belongs to this class. We wish to obtain an explicit expression for the
corresponding IR composite operator δΦA. In order to rewrite the expectation value
〈δφA〉K−10 J = K0R
A[K0∂
l
J ] Z¯B [J, φ
∗]
for the IR theory, we need to compute two things.
First, we compute the first order differential:
K0
∂l
∂JA
Z¯B[J, φ
∗] = K0
∂l
∂JA
NJ Z¯Λ[J, Φ
∗]
= NJ
[
(−)ǫA+1
(
(K0 −K)
K
D−1
)AB
JB +K0
∂l
∂JA
]
Z¯Λ[J, Φ
∗]
= NJ
〈
K0K
−1ΦA + (K0 −K)
(
D−1
)AB ∂lS¯Λ
∂ΦB
〉
S¯Λ,K−1J
= NJ
〈
ΦA + (K0 −K)
(
D−1
)AB ∂lS¯I,Λ
∂ΦB
〉
S¯Λ,K−1J
= NJ
〈[
ΦA
]∗〉
S¯Λ,K−1J
, (10.79)
∗) We write O(1/Λ0) only to mean that it vanishes as Λ0 →∞.
∗∗) Later in eqs. (11.4) and (11.15), we write S¯B [φ, φ
∗] explicitly for gauge theories. Thanks to
renormalizability, the action has only a finite number of parameters. Our assumption is that we can
tune the parameters so that eq. (10.74) holds.
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where we define
[
ΦA
]∗ ≡ K0K−1ΦA + (K0 −K) (D−1)AB ∂lS¯Λ
∂ΦB
= ΦA + (K0 −K)
(
D−1
)AB ∂lS¯I,Λ
∂ΦB
. (10.80)
Second, we compute the second order differential:
K0
∂l
∂JA
K0
∂l
∂JB
Z¯B [J, φ
∗] = K0
∂l
∂JA
K0
∂l
∂JB
NJ Z¯Λ[J, Φ
∗]
≡ NJ
〈[
ΦA ΦB
]∗〉
S¯Λ,K−1J
, (10.81)
where we define[
ΦA ΦB
]∗ ≡ [ΦA]∗ [ΦB]∗
+(K0 −K)
(
D−1
)AC
(K0 −K)
(
D−1
)BD ∂l∂lS¯I,Λ
∂ΦC∂ΦD
. (10.82)
Note that nontrivial contributions arise from derivatives ∂J acting on the normal-
ization factor NJ .
Hence, using (10.68), we obtain
〈
δΦA
〉
S¯Λ,K−1J
= K
〈
R(1)AB(Λ0)
[
ΦB
]∗
+
1
2
R(2)ABC(Λ0)
[
ΦBΦC
]∗〉
S¯Λ,K−1J
. (10.83)
Since this is valid for arbitrary J , we obtain the operator equality
δΦA = K
(
R(1)AB(Λ0)
[
ΦB
]∗
+
1
2
R(2)ABC(Λ0)
[
ΦBΦC
]∗)
. (10.84)
It is important to mention the necessity of the cutoff function K0 to make (10.84)
UV finite.∗)
10.4. Antifield dependence of the Wilson action
In this subsection we derive the general structure of the Wilson action S¯Λ[Φ,Φ
∗],
in particular its dependence on the antifields. We first make some assumptions for
the bare action that are general enough to accommodate the cases of QED and Yang-
Mills theories. Then, we describe how the Wilson action depends on the antifields. In
§11 we will give the Wilson actions for QED and Yang-Mills theories more explicitly.
As for QED, the Wilson action first obtained in ref. 53) has two different types
of antifield dependence, one that can be written down explicitly and the other that
appears as a linear shift of the field variables by antifields. These features are seen
in Eqs. (11.7)-(11.9) in the next section.∗∗) As for non-Abelian gauge theories, ad-
ditional non-trivial antifield dependence exists. In this section, we will show how to
∗) The potential UV divergence is hard to see in the matrix notation. It is hidden in the loop
momentum integral contained in R
(2)A
BC [Φ
BΦC ].
∗∗) Eqs.(11.7)-(11.9) differ from those given in ref. 53), where no UV cutoff is introduced.
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modify the method of 53) to treat the non-Abelian gauge symmetry. Based on this,
we will give explicitly the Wilson action for Yang-Mills theories in (11.22).
Without losing generality, we assume that the bare action is linear in antifields
and the BRST transformation quadratic in fields:
S¯B [φ, φ
∗] = −1
2
φAK−10 DABφ
B + S¯I,B[φ, φ
∗] , (10.85)
S¯I,B[φ, φ
∗] = SI,B[φ] +K0φ
∗
ARA[φ] , (10.86)
RA[φ] = R(1)ABφB +
1
2
R(2)ABCφBφC . (10.87)
The bare actions of QED and Yang-Mills theories can be given in this form.
The functional integral (10.30) over the UV fields χ defines the interaction part
S¯I,Λ of the Wilson action, S¯Λ[Φ,Φ
∗]. We rewrite the integrand of (10.30) as
−1
2
χ · (K0 −K)−1D · χ+ S¯I,B[Φ+ χ, K−10 KΦ∗]
= −1
2
χ · (K0 −K)−1D · χ+KΦ∗ARA[Φ+ χ] + SI,B[Φ+ χ]
= −1
2
χ · (K0 −K)−1D · χ+KΦ∗ARA[Φ] + JAχA
+
1
2
KΦ∗Aχ
BR(2)ABCχC + SI,B[Φ+ χ] , (10.88)
where the effective sources coupled to χA are given by
JA ≡ KΦ∗B
(
R(1)BA +R(2)BCAΦC
)
, (10.89)
and
SI,B[Φ+ χ] ≡ S¯I,B[Φ+ χ, K−10 KΦ∗]|Φ∗=0 . (10.90)
For the terms quadratic in χ and linear in the antifield, we replace χA by the deriva-
tive ∂/∂J A. The Wilson action then takes the form
exp
[
S¯I,Λ[Φ, Φ
∗]
]
= exp
[
KΦ∗A
(
RA[Φ] + 1
2
R(2)CAB
∂l
∂JA
∂l
∂JB
)]
×
∫
Dχ exp
(
−1
2
χ · (K0 −K)−1D · χ+ J · χ+ SI,B[Φ+ χ]
)
. (10.91)
In order to simplify the above further, we follow ref. 53) and introduce a change of
variables. First, we complete the square with respect to χ in the first two terms of
the integrand:
−1
2
χ · (K0 −K)−1D · χ+ J · χ
= −1
2
χ′ · (K0 −K)−1D · χ′ + 1
2
(−)ǫ(J )J · (K0 −K)D−1J , (10.92)
where
χ′ ≡ χ−J · (K0 −K)D−1 = χ− (−)ǫ(J )D−1(K0 −K) · J . (10.93)
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We then introduce new variables Φ′A so that ΦA + χA = Φ′A + χ′A:
Φ′A ≡ ΦA + JB(K0 −K)(D−1)BA . (10.94)
Finally we obtain
exp
[
S¯I,Λ[Φ, Φ
∗]
]
= exp
[
KΦ∗ARA[Φ] +
K
2
Φ∗AR(2)CAB
∂l
∂JA
∂l
∂JB
]
× exp
[1
2
(−)ǫ(J )J · (K0 −K)D−1 · J
]
×
∫
Dχ′ exp
[
−1
2
χ′ · (K0 −K)−1D · χ′ + SI,B[Φ′ + χ′]
]
. (10.95)
Using the definition of SI,Λ in the absence of antifields
exp
[
SI,Λ[Φ
′]
] ≡ ∫ Dχ′ exp(−1
2
χ′ · (K0 −K)−1D · χ′ + SI,B[Φ′ + χ′]
)
, (10.96)
we obtain our final expression for the Wilson action:
S¯Λ[Φ, Φ
∗] = −1
2
ΦAK−1DABΦ
B +KΦ∗ARA[Φ]
+ ln
[
exp
{
K
2
Φ∗AR(2)ABC
∂l
∂JB
∂l
∂JC
}
× exp
{
1
2
(−)ǫ(J )J · (K0 −K)D−1 · J + SI,Λ[Φ′]
}]
. (10.97)
With (10.97) we can construct the action S¯I,Λ[Φ, Φ
∗] from SI,Λ[Φ]. The antifield
dependence comes partly from J (10.89), and partly from the shifted variables Φ′
(10.94). The remaining antifield dependence is solely generated by the exponentiated
differential operator (K/2)Φ∗R(2)∂J ∂J in the logarithm. This complicates S¯Λ and
the BRST transformation of the fields ΦA. Once the antifields are removed, however,
we have simple expressions:66)
δΦA|Φ∗=0 =
[
∂lS¯I,Λ
∂Φ∗A
]
Φ∗=0
= K
(
R(1)AB
[
ΦA
]
+
1
2
R(2)ABC
[
ΦA ΦB
])
, (10.98)
where
[
ΦA
] ≡ ΦA + (K0 −K) (D−1)AB ∂lSI,Λ
∂ΦB
, (10.99)[
ΦA ΦB
] ≡ [ΦA] [ΦB]
+(K0 −K)
(
D−1
)AC
(K0 −K)
(
D−1
)BD ∂l∂lSI,Λ
∂ΦC∂ΦD
. (10.100)
We can obtain the same results from (10.84) simply by setting the antifields to zero.
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Before closing this subsection, we make a comment on the ghost equation of
motion: we wish to point out that the actions for gauge theories depend on the
antighost and the antifield through a particular linear combination.
Let us consider the classical action (10.3) either for QED or for Yang-Mills
theories. The gauge-fixing and the ghost parts of Scl[φ] are written as
73)
δ
(
c¯aF a(φ)
)
, (10.101)
where F a(φ) is a gauge-fixing condition. If we choose the covariant gauge fixing
F a(φ) = −i
(
∂µa
a
µ +
ξ
2
ba
)
, (10.102)
where aaµ is a gauge field, and b an auxiliary field, we obtain
δ
(
c¯aF a(φ)
)
+ φ∗Aδφ
A = ibaF a(φ) +
(
c¯a
∂rF a
∂φA
+ φ∗A
)
δφA
=
(
−ic¯a∂µ + aa∗µ
)
δaaµ + · · · . (10.103)
Therefore, in S¯cl[φ, φ
∗], the antifield aa∗µ (−p) appears as a linear combination with
the antighost, aa∗µ (−p) + c¯(−p)pµ. Hence, the action S¯cl[φ, φ∗] satisfies
∂lS¯cl
∂c¯(−p) − pµ
∂lS¯cl
∂aa∗µ (−p)
= 0 . (10.104)
We now assume that the bare action satisfies the same equation:
K0
∂lS¯B
∂c¯(−p) − pµK
−1
0
∂lS¯B
∂aa∗µ (−p)
= 0 . (10.105)
This implies the same relation for the Wilson action
K
∂lS¯Λ
∂C¯(−p) − pµK
−1 ∂
lS¯Λ
∂Aa∗µ (−p)
= 0 , (10.106)
because K∂S¯Λ/∂Φ
A and K−1∂S¯Λ/∂Φ
∗
A are both composite operators. We call
Eqs. (10.104), (10.105), (10.106) the ghost equations of motion. We encountered
these before, first as (6.51) and then as (8.23). In fact in §8.2, (8.23) plays an impor-
tant role in simplifying the perturbative construction of the theory. We will assume
(10.105) and hence (10.106) when we discuss examples in the next section.
10.5. QME and the modified Slavnov-Taylor identity
In §2.4 we have discussed the relation between a Wilson action SΛ and the
corresponding effective average action ΓB,Λ. The two are related by a Legendre
transformation. A theory can be constructed equally well in terms of SΛ or ΓB,Λ.
As for realization of symmetry, however, we have so far considered only the Wilson
action. In this subsection we make a brief detour to write down the identity for
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Γ¯B,Λ, corresponding to the QME for S¯Λ. This is called the modified Slavnov-
Taylor identity.40) We also give a brief note on the same subject as Appendix D.
Compared with Appendix D, we employ a more functional method here.
As in §2.4 we introduce an action with both UV and IR cutoffs:
S¯B,Λ[φ, φ
∗] ≡ −1
2
φ · (K0 −K)−1D · φ+ SI,B[φ] +K0φ∗ · R[φ] . (10.107)
The gaussian term suppresses the momentum modes p2 > Λ20 or p
2 < Λ2. The
generating functional is defined by
exp
[
W¯B,Λ[J, φ
∗]
] ≡ ∫ Dφ exp(S¯B,Λ[φ, φ∗] +K−10 J · φ) . (10.108)
The Legendre transform of W¯B,Λ is defined by
Γ¯B,Λ[ϕ, φ
∗] ≡ W¯B,Λ[J, φ∗]−K−10 J · ϕ , (10.109)
where ϕ is defined in terms of J as
K−10 ϕ
A(p) ≡ ∂
lW¯B,Λ[J, φ
∗]
∂JA(−p) . (10
.110)
In the following we wish to consider the functional integral over the QM operator
for the bare action:
Σ¯1PIB,Λ ≡ exp
[−W¯B,Λ[J, φ∗]]
∫
Dφ Σ¯B [φ, φ∗] exp
(
S¯B,Λ[φ, φ
∗] +K−10 J · φ
)
,
(10.111)
and express this in terms of the effective average action Γ¯B,Λ.
As a preparation, we first compute the derivatives of Γ¯B,Λ[ϕ, φ
∗]:
∂lΓ¯B,Λ
∂φ∗A
=
∂lW¯B,Λ
∂φ∗A
+
∂lJ¯C
∂φ∗A
(∂lW¯B,Λ
∂JC
−K−10 ϕC
)
=
∂lW¯B,Λ
∂φ∗A
, (10.112)
∂rΓ¯B,Λ
∂ϕA
=
(∂rW¯B,Λ
∂JC
− (−)ǫBK−10 ϕC
)∂rJB
∂ϕA
−K−10 JA = −K−10 JA . (10.113)
Hence, we obtain
∂rΓ¯B,Λ
∂ϕA
∂lΓ¯B,Λ
∂φ∗A
= −K−10 JA
∂lW¯B,Λ
∂φ∗A
= −e−W¯B,Λ
(
K−10 J
A ∂
l
∂φ∗A
)
eW¯B,Λ
= −e−W¯B,Λ
∫
Dφ ∂
r
∂φA
eK
−1
0 J ·φ · ∂
lS¯B,Λ
∂φ∗A
eS¯B,Λ[φ,φ
∗]
= e−W¯B,Λ
∫
Dφ Σ¯B,Λ exp
[
S¯B,Λ[φ, φ
∗] +K−10 J · φ
]
, (10.114)
where Σ¯B,Λ is the QM operator for the action S¯B,Λ:
Σ¯B,Λ ≡ 1
2
(S¯B,Λ, S¯B,Λ) +∆S¯B,Λ . (10.115)
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To find the difference between Σ¯B,Λ and Σ¯B , we note
S¯B [φ, φ
∗] = S¯B,Λ[φ, φ
∗] +
1
2
φ ·RΛ · φ , (10.116)
where we define
[RΛ(p)]AB ≡ DAB(p)
( 1
K0 −K −
1
K0
)
. (10.117)
Hence, we obtain
Σ¯B = Σ¯B,Λ + [RΛ]BAφ
B ∂
lS¯B,Λ
∂φ∗A
. (10.118)
The functional integral over the difference gives
e−W¯B,Λ
∫
Dφ [RΛ]BA φB ∂
lS¯B,Λ
∂φ∗A
exp
[
S¯B,Λ[φ, φ
∗] +K−10 J · φ
]
= e−W¯B,Λ [RΛ]BAK0
∂l
∂JB
∂l
∂φ∗A
eW¯B,Λ
= [RΛ]BAK0
(∂lϕC
∂JB
∂l
∂ϕC
∂lΓ¯B,Λ
∂φ∗A
+K−10 ϕ
B ∂
lΓ¯B,Λ
∂φ∗A
)
, (10.119)
where we have used (10.112), (10.113). To summarize so far, the functional integral
over (10.118) gives
Σ¯1PIB,Λ =
∂rΓ¯B,Λ
∂ϕA
∂lΓ¯B,Λ
∂φ∗A
+[RΛ]BA
(
K0
∂lϕC
∂JB
∂l
∂ϕC
∂lΓ¯B,Λ
∂φ∗A
+ ϕB
∂lΓ¯B,Λ
∂φ∗A
)
. (10.120)
To further rewrite the second term in the above, we introduce the notation:
(Γ¯
(2)
B,Λ)CA ≡
∂l
∂ϕC
∂rΓ¯B,Λ
∂ϕA
= −K−10
∂lJA
∂ϕC
, (10.121)
where (10.113) is used. Then, the inverse is written as
∂lϕA
∂JC
= −K−10 (Γ¯ (2)B,Λ)−1CA . (10.122)
Hence, we can rewrite (10.120) as
Σ¯1PIB,Λ =
∂rΓ¯B,Λ
∂ϕA
∂lΓ¯B,Λ
∂φ∗A
+[RΛ]BA
(
−(Γ¯ (2)B,Λ)−1BC
∂l
∂ϕC
∂lΓ¯B,Λ
∂φ∗A
+ ϕB
∂lΓ¯B,Λ
∂φ∗A
)
. (10.123)
Imposing this to vanish, we obtain the modified Slavnov-Taylor identity:40)
Σ¯1PIB,Λ = 0 . (10.124)
In the limit of Λ→ 0, RΛ goes to zero and Γ¯B,Λ becomes Γ¯B . Therefore, the modified
ST identity reduces to the Zinn-Justin equation.
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10.6. On the nilpotency without antifields
As shown toward the end of §10.1, the quantum master equation (10.17) implies
the nilpotency of the quantum BRST transformation δQ, defined by (10.18). Even
if δQ is nilpotent, the reduced BRST transformation
δ ≡ δQ
∣∣
Φ∗=0
(10.125)
that appears in the WT operator (10.72) is not nilpotent in general. In this sub-
section we compute δ2, and study how it differs from zero, assuming the nilpotency
δ2Q = 0 of the full BRST transformation.
Take a functional OΛ[Φ] of the field Φ defined at an IR scale Λ, and consider its
BRST transformation:
δQOΛ[Φ] = ∂
rOΛ[Φ]
∂ΦA
∂lS¯Λ
∂Φ∗A
. (10.126)
Expanding the Wilson action in powers of antifields
S¯Λ[Φ,Φ
∗] = SΛ[Φ] + Φ
∗
Af
A[Φ] +
1
2
Φ∗AΦ
∗
Bf
BA[Φ] + O
(
(Φ∗)3
)
, (10.127)
we obtain an expansion
δQΦ
A ≡ ∂
lS¯Λ
∂Φ∗A
= fA[Φ] + Φ∗Bf
BA[Φ] + O
(
(Φ∗)2
)
. (10.128)
Setting Φ∗ = 0, we obtain
δΦA = fA[Φ] . (10.129)
By the definition (10.18), the nilpotency of δQ implies
0 =
( ∂r
∂ΦA
δQOΛ
)∂lS¯Λ
∂Φ∗A
−
( ∂r
∂Φ∗A
δQOΛ
)∂lS¯Λ
∂ΦA
− (−)ǫA ∂
r
∂ΦA
∂r
∂Φ∗A
(
δQOΛ
)
. (10.130)
Setting Φ∗ to zero, the first term on the right gives δ2OΛ. Therefore, we obtain
δ2OΛ =
[ ∂r
∂Φ∗A
δQOΛ
]
Φ∗=0
∂lSΛ
∂ΦA
+ (−)ǫA ∂
r
∂ΦA
[ ∂r
∂Φ∗A
δQOΛ
]
Φ∗=0
. (10.131)
Using the expansions (10.127) & (10.128), we obtain
δ2OΛ[Φ] = −
(∂rOΛ
∂ΦA
fAB
)∂rSΛ
∂ΦB
− ∂
r
∂ΦB
(∂rOΛ
∂ΦA
fAB
)
= −e−SΛ ∂
r
∂ΦB
(
∂rOΛ
∂ΦA
fABeSΛ
)
. (10.132)
In particular, we obtain
δ2ΦA = −fAB ∂
rSΛ
∂ΦB
− ∂
r
∂ΦB
fAB = −e−SΛ ∂
r
∂ΦB
(
fABeSΛ
)
. (10.133)
Thus, we have found that δ fails to be nilpotent in a particular way that eSΛδ2OΛ
is a total derivative, or using the terminology introduced in §4.2, δ2OΛ is a generalized
equation of motion.∗)
∗) Note that fAB [Φ] is not necessarily a composite operator. Hence, we are abusing the termi-
nology introduced for genuine composite operators.
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§11. Examples: the Wilson actions for QED and Yang-Mills theories
The purpose of this section is to apply the general result (10.97) on the antifield
dependence of the Wilson action to QED and the Yang-Mills theories. As for QED
this has already been done in §8.1, from a consideration of the ERG differential
equation. This method works only for QED, but not for YM theories. For the latter
we have adopted a perturbative approach in §8.2, and have shown how to construct
the continuum limit of the Wilson action by loop expansions. In §8.2, we have
discussed the antifield dependence of only the asymptotic behavior of the Wilson
action, since that is all we need for proving the theory’s existence. In contrast,
we have adopted a unifying approach in §10, and have determined the antifield
dependence of the Wilson action explicitly by starting from a bare action that has
simple antifield dependence.∗)
11.1. QED
We first consider QED and reproduce the results from 65) and 53). Our deriva-
tion follows closely that of 53) except that we pay more careful attention to the
necessity of a UV cutoff for the bare theory.
Denoting the UV fields by
φA = {aµ, b, c, c¯ ϕ, ϕ¯} , (11.1)
and the UV antifields by
φ∗A = {a∗µ, b∗, c∗, c¯∗, ϕ∗, ϕ¯∗} , (11.2)
the bare action of QED is written as follows∗∗):
S¯B[φ, φ
∗] = −1
2
φ ·K−10 D · φ+K0φ∗ARA[φ] + SI,B[φ] , (11.3)
where
1
2
φ ·K−10 D · φ ≡
∫
p
K−10 (p)
[
1
2
aµ(−p)(p2δµν − pµpν)aν(p) + ic¯(−p)p2c(p)
−b(−p)
{
ipµaµ(p) +
ξ
2
b(p)
}
+ ϕ¯(−p)(/p + im)ϕ(p)
]
,
K0 φ
∗
ARA[φ] ≡
∫
p
K0(p)
[
a∗µ(−p)(−i)pµc(p) + c¯∗(−p) · ib(p)
+ie
∫
q
ϕ∗(−p)c(q)ϕ(p − q) + ie
∫
q
ϕ¯(−p− q)c(q)ϕ¯∗(p)
]
,
∗) The antifield dependence of the bare action is linear in φ∗ and at most quadratic in φ as in
(10.87).
∗∗) We have introduced the auxiliary field b to avoid the quadratic dependence of S¯B on c¯
∗. The
result (8.12) is obtained from (11.11) by integrating out B.
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and
SI,B[φ] =
∫
p
[
a2
2
Λ20aµ(−p)aµ(p) +
z2
2
aµ(−p)p2aµ(p) + z
′
2
2
aν(−p)pνpµaµ(p)
+
z4
8
∫
q,k,r
δ4(p+ q + k + r)aν(p)aν(q)aµ(k)aµ(r)
+ϕ¯(−p)
(
zf/p+ zmim
)
ϕ(p) + z3
∫
q
ϕ¯(−p)/a(q)ϕ(p − q)
]
. (11.4)
The coefficients
a2, z2, z
′
2, z3, z4, zf , zm (11.5)
are given such dependence on lnΛ0/µ that we obtain a finite continuum limit.
Denoting the IR fields and antifields by
ΦA = {Aµ, B,C, C¯, ψ, ψ¯} , Φ∗A = {A∗µ, B∗, C∗, C¯∗, ψ∗, ψ¯∗} , (11.6)
the effective sources defined by (10.89) are given by
Jc(−p) = −iK(p)pµA∗µ(−p)
−ie
∫
q
K(q)
(
ψ∗(−q)ψ(q − p)− ψ¯(−q − p)ψ¯∗(q)) , (11.7a)
JB(−p) = iK(p)C¯∗(−p) , (11.7b)
Jψ(−p) = ie
∫
q
K(q)ψ∗(−q)C(q − p) , (11.7c)
Jψ¯(−p) = −ie
∫
q
K(q)C(q − p)ψ¯∗(−q) . (11.7d)
Since the ghost and antighost remain free, and are absent in the interaction action
SI,B, the source Jc does not appear in the IR action. This simplifies the application of
the general result (10.97). The differential operators, (KΦ∗/2)R(2)∂J ∂J in (10.97),
generate no contribution. The Wilson action is thus given as
S¯Λ[Φ, Φ
∗] = −1
2
ΦAK−1DABΦ
B +KΦ∗ARA[Φ]
+
1
2
(−)ǫ(J )J · (K0 −K)D−1J + SI,Λ[Φ′] , (11.8)
where the shifted variables are defined by
A′µ(p) = Aµ(p) +
ipµ
p2
(K0(p)−K(p))JB(p) , (11.9a)
ψ′(p) = ψ(p)− (K0(p)−K(p))
/p+ im
Jψ¯(p) , (11.9b)
ψ¯′(−p) = ψ¯(−p) + Jψ(−p)(K0(p)−K(p))
/p+ im
. (11.9c)
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The term quadratic in the effective sources is given by
1
2
(−)ǫ(J )J · (K0 −K)D−1J = −Jψ(−p)(K0(p)−K(p))
/p+ im
Jψ¯(p) . (11.10)
Hence, the total Wilson action is
S¯Λ[Φ, Φ
∗] =
∫
p
[
−K(p)−1
{
1
2
Aµ(−p)(p2δµν − pµpν)Aν(p) + C¯(−p)ip2C(p)
−B(−p)
(
ipµAµ(p) +
ξ
2
B(p)
)
+ ψ¯(−p)(/p+ im)ψ(p)
}
+ K(p)
{
C¯∗(−p) · iB(p) +A∗µ(−p)(−i)pµC(p)
+ie
∫
q
(
ψ∗(−p)C(q)ψ(p − q) + ψ¯(−p− q)C(q)ψ¯∗(p))}
+e2
∫
q,k
K(p+ q)K(p− k)ψ∗(−p− q)(K0(p)−K(p))
/p+ im
×ψ¯∗(p− k)C(q)C(k)
]
+ SI,Λ[A
′
µ, ψ
′, ψ¯′] . (11.11)
Since QED is renormalizable, we can tune the lnΛ0/µ dependence of the bare
parameters (11.5) to obtain the continuum limit of SI,Λ. The remaining dependence
of S¯Λ on Λ0 comes from K0 in the ψ
∗ψ¯∗ term and the shifted variables A′µ, ψ
′, ψ¯′. In
the limit Λ0 → ∞, K0 is simply replaced by 1, and we obtain the continuum limit
of S¯Λ as in 53). A canonical transformation that eliminates the quadratic terms in
the antifield gives the action obtained in ref. 65). Perturbative construction of SI,Λ
that satisfies the WT identity, ΣΛ = 0, has already been discussed in §6.1.
Finally, we observe that S¯Λ given by (11.11) satisfies the ghost equation of motion
(10.106). This is a consequence of (10.105) satisfied by the bare action (11.3) as we
have pointed out at the end of §10.4.
11.2. Yang-Mills theories
We consider a Yang-Mills theory without matter described by the UV action∗)
S¯B[φ, φ
∗] = −1
2
φAK−10 DABφ
B + S¯I,B[φ, φ
∗] , (11.12)
where fields and antifields are collectively denoted as
φA = {aµ, b, c, c¯} , φ∗A = {a∗µ, b∗, c∗, c¯∗} . (11.13)
The bare action consists of the kinetic part
−1
2
φAK−10 DABφ
B ≡ −
∫
p
K−10 (p)
[
1
2
aµ(−p) · (p2δµν − pµpν)aν(p)
∗) We suppress the group index and use the notations: A ·B ≡ AaBa, A2 ≡ AaAa and A · (B×
C) ≡ fabcAaBbCc.
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−b(−p) · {ipµaµ(p) + ξ
2
b(p)
}
+ ic¯(−p) · p2c(p)
]
(11.14)
and the interaction part
S¯I,B[φ, φ
∗] ≡ SI,B[φ] +K0φ∗A
(
R(1)ABφB +
1
2
ΦBR(2)ABCφC
)
=
∫
p
[a2
2
Λ20aµ(−p)aµ(p) +
z1
2
p2aµ(p)aµ(−p) + z2
2
pµpνaµ(−p)aν(p)
]
+ z3
∫
p,q
pνaµ(−p) · [aµ(q)× aν(p− q)]
+
∫
p1,··,p4
δ(Σpi)
[z4
8
aµ(p1) · aµ(p2)aν(p3) · aν(p4) + z5
8
aµ(p1) · aν(p2)aµ(p3) · aν(p4)
]
+
∫
p
[
K0(p)
{
c¯∗(−p) · ib(p)− ia∗µ(−p) · pµc(p) +
z8
2
c∗(−p) ·
∫
q
c(q)× c(p − q)
}
+
(
K20 (p)a
∗
µ(−p) + pµc¯(−p)
) · {−iz6 pµc(p) + z7
∫
q
aµ(p − q)× c(q)
}]
. (11.15)
Here, we have assumed the gauge group SU(2) to write down SI,B[φ]; more terms
are available and need to be introduced for higher symmetry. The coefficients
a2, z1, · · · , z8 depend on lnΛ0/µ.
The Wilson action with the IR fields & antifields
ΦA = {Aaµ, Ba, Ca, C¯a} , Φ∗A = {A∗µ, B∗, C∗, C¯∗} (11.16)
is given by the general formula (10.97). Let us get a concrete expression. The
effective sources read
Jµ(−p) = −z7
∫
q
K(q)K0(q)A
∗
µ(q)× C(−p− q) , (11.17a)
JB(−p) = iK(p)C¯∗(−p) , (11.17b)
Jc(−p) = −i(1 + z6K0(p))K(p)pµA∗µ(−p) + z7
∫
q
K(q)K0(q)A
∗
µ(q)×Aµ(−p− q)
+z8
∫
q
K(q)C∗(q)×C(−p− q) , (11.17c)
and the differential operator w.r.t. J is given by
K
2
Φ∗C
∂l
∂JAR
(2)C
AB
∂l
∂JB = z7
∫
p,q
K(p)K0(p)A
∗
µ(−p) ·
(
∂l
∂Jµ(−p+ q) ×
∂l
∂Jc(−q)
)
+
z8
2
∫
p,q
K(p)C∗(−p) ·
(
∂l
∂Jc(−p+ q) ×
∂l
∂Jc(−q)
)
. (11.18)
The shifted variables defined by (10.94) are given by
A′µ(p) = Aµ(p) +
K0(p)−K(p)
p2
[
δµν − (1− ξ)pµpν
p2
]
Jν(p)
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+
ipµ
p2
(K0(p)−K(p))JB(p) ,
C¯ ′(p) = C¯(p)− i
p2
(K0(p)−K(p))Jc(p) . (11.19)
It is easy to see that SI,Λ[Φ
′] does not depend on B:
SI,Λ[Φ
′] = SI,Λ[A
′
µ, C¯
′, C] . (11.20)
The quadratic term in J that appears inside the exponentials of (10.97) takes the
following concrete form:
1
2
(−)ǫ(J )J · (K0 −K)D−1J = i(K0(p)−K(p))
p2
pµJµ(−p)JB(p)
+
1
2
Jµ(−p)(K0(p)−K(p))
p2
[
δµν − (1− ξ)pµpν
p2
]
Jν(p) . (11.21)
Putting together the above results, we obtain the Wilson action:
S¯Λ[Φ, Φ
∗] =
∫
p
[
−K−1(p)
{
1
2
Aµ(−p) · (p2δµν − pµpν)Aν(p) + C¯(−p) · ip2C(p)
−B(−p) ·
(
ipµAµ(p) +
ξ
2
B(p)
)}
+ K(p)C¯∗(−p) · iB(p)
+ K(p)A∗µ(−p) ·
{
(−i)(1 + z6K0(p))pµC(p)
+z7K0(p)
∫
q
Aµ(p− q)× C(q)
}
+K(p) C∗(−p) · z8 1
2
∫
q
C(p− q)× C(q)
]
+ log
[
exp
{
K
2
Φ∗A
∂l
∂JBR
(2)A
BC
∂l
∂JC
}
× exp
{
1
2
(−)ǫ(J )J · (K0 −K)D−1 · J + SI,Λ[Φ′]
}]
. (11.22)
In writing down the bare action (11.12) we have assumed the ghost equation of
motion (10.105) to hold. Hence, the Wilson action (11.22) must satisfy (10.106),
i.e., the Wilson action must depend on the antighost and the antifield for the gauge
field only through the linear combination, pµC¯
a(−p) +K2(p)Aa∗µ (−p). The way we
have written (11.22) for S¯Λ, this is not manifest.
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§12. Concluding remarks
We hope we have succeeded in achieving the two goals that we have set in
§1. Formulating a field theory with a momentum cutoff is the most natural, and
it accords with Wilson’s non-perturbative definition of a field theory. It is still
surprising that we can describe the continuum limit using a finite momentum cutoff,
but it does not come for free: the cutoff function needs to be smooth, and the Wilson
action contains an infinite number of terms. The formalism of ERG is simple enough
that we only need several pages to summarize the essence of all done in this review.
We have given a quick summary as Appendix F.
We have introduced two ways of realizing continuous symmetry: one with the
WT identity, and another with the QME. Among the examples we have discussed in
§§6 & 8, only YM theories need the QME for proving the possibility of construction.
Let us try to understand this. The WT identity is the invariance of the Wilson action
under infinitesimal transformations, and it knows nothing about the algebra formed
by the transformations. We need the antifield formalism to incorporate an algebraic
structure. Take the example of the two dimensional O(N) non-linear sigma model
discussed in §6.4. Commuting two generators that move the N-th axis, we get an
element of O(N−1), under which the action is manifestly invariant. Take the Wess-
Zumino model. Commuting two supersymmetry generators, we get a translation,
under which the action is manifestly invariant. Hence, either in the non-linear sigma
model or the Wess-Zumino model, the algebra of infinitesimal transformations does
not constrain the theory. Hence, the WT identity suffices. This is not the case with
YM theories; we need the antifield formalism to incorporate the full algebra of BRST
transformations.∗)
As for perturbative applications, our list of examples is not exhaustive. Among
those missing, supersymmetric YM theories are particularly important. The ERG
formalism has been already applied,6), 23), 35) but our understanding is still incomplete
regarding the non-renormalization properties.104)119) We also think it important to
prove the non-renormalization theorem for chiral anomalies using the ERG formal-
ism; to our knowledge it has not been done.
As for non-perturbative applications, the order-by-order solution of the WT
identity or QME is inappropriate. Even approximate solutions will do as long as
they are given in closed form. Progress along this line is hoped for.
In this review we have been primarily concerned with formulating various sym-
metric theories. The formalism has matured enough that we are ready to address
more physical questions.
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∗) The antifield formalism is necessary only to prove the possibility of perturbative construction.
The WT identity suffices for the order-by-order construction.
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Appendix A
Generalized diffusion equations
In §2 we have derived a particular ERG differential equation (2.51) for the in-
teraction part of the Wilson action, SI,Λ, defined by (2.23). The purpose of this
appendix is twofold:
1. to rewrite (2.23) as a formula that gives the entire Wilson action,
2. to generalize (2.23) to incorporate the original Wilson’s differential equation124)
and Polchinski’s94) under the same footing.
This is done by (A.2), where different choices of At, Zt correspond to Wilson’s and
Polchinski’s ERG differential equations.
In the following we adopt a notation slightly different from that in the main
text. We write St for SΛ, and S0 for SB, where t is defined by
t = ln
Λ0
Λ
≥ 0 . (A.1)
The logarithmic parameter t grows, as the momentum cutoff Λ decreases.
A.1. Derivation of the generalized diffusion equations
We consider a one-parameter family of actions St[φ] (t ≥ 0) for a real scalar
field φ. We generate the t-dependence by a gaussian integral transformation of the
following type:121), 124)
exp [St[φ]] =
∫
[dφ′] exp
[
−1
2
∫
p
At(p)
2
(
φ(p)− Zt(p)φ′(p)
) (
φ(−p)− Zt(p)φ′(−p)
)
+ S0[φ
′]
]
. (A.2)
We impose the two properties
(i) 1/A0(p) = 0 ,
(ii) Z0(p) = 1 ,
(A.3)
in order to assure the limit
lim
t→0+
St = S0 . (A.4)
The two factors Zt and AtZt have the following physical meanings:
1. blocking factor Zt(p) — Zt(p)φ(p) is the Fourier transform of a block spin.
Denoting the Fourier inverse of φ(p) and Zt(p) by the same symbols, we write
φ(x) =
∫
p
eipxφ(p) , Zt(x) =
∫
p
eipxZt(p) . (A.5)
Then, the inverse Fourier transform of Zt(p)φ(p) is the block spin or average
field:
φt(x) ≡
∫
p
eipxZt(p)φ(p) =
∫
dDy Zt(x− y)φ(y) (A.6)
The size of the domain of Zt(x) should grow exponentially as e
t.
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Fig. 27. More integration for higher p2 and higher t.
2. At(p)Zt(p) — This has to do with incomplete functional integration. The gaus-
sian factor in (A.2) implies that φ(p) is equal to the block spin Zt(p)φ
′(p) up
to order 1/At(p). Equivalently φ
′(p) is integrated around φ(p)/Zt(p) up to or-
der 1/ (At(p)Zt(p)). We take the squared width of integration, 1/(AtZt(p))
2, a
growing function of both t and p2. (Fig. 27)
We will shortly give examples of Zt and AtZt.
We now wish to derive the differential equation for St[φ], analogous to the dif-
fusion equation. We first consider the t-derivative:
∂t exp [St[φ]]
=
∫
[dφ′]
∫
p
{
− ∂tAt(p) ·At(p)
(
φ(p)− Zt(p)φ′(p)
) · (φ(−p)− Zt(p)φ′(−p))
+A2t (p)∂tZt(p)φ
′(p)
(
φ(−p)− Zt(p)φ′(−p)
) }
× exp
[
−1
2
∫
q
At(q)
2
(
φ(q)− Zt(q)φ′(q)
) (
φ(−q)− Zt(q)φ′(−q)
)
+ S0[φ
′]
]
=
∫
[dφ′]
∫
p
{
− (∂tAt(p) · At(p) +A2t (p)∂t lnZt(p))
× (φ(p)− Zt(p)φ′(p)) (φ(−p)− Zt(p)φ′(−p))
+A2t (p)∂t lnZt(p) · φ(p)
(
φ(−p)− Zt(p)φ′(−p)
)}
exp
[
· · ·
]
, (A.7)
where we have suppressed the argument of the last exponential. We compare the
above with the first and second order functional derivatives of exp[St]:
− δ
δφ(p)
exp [St[φ]] =
∫
[dφ′]At(p)
2
(
φ(−p)− Zt(p)φ′(−p)
)
exp
[
· · ·
]
,(A.8)
δ2
δφ(p)δφ(−p) exp [St[φ]] =
∫
[dφ]At(p)
2
(
φ(−p)− Zt(p)φ′(−p)
)
×At(p)2
(
φ(−p)− Zt(p)φ′(−p)
)
exp
[
· · ·
]
, (A.9)
where we have ignored an additive constant proportional to the space volume.
Realization of symmetry in the ERG approach 133
Thus, we obtain the generalized diffusion equation
∂t exp [St[φ]] =
∫
p
[
− 1
A2t (p)
∂t ln (AtZt) (p)
δ2
δφ(p)δφ(−p)
−∂t lnZt(p) · φ(p) δ
δφ(p)
]
exp [St[φ]] . (A.10)
This can be rewritten for St as
∂tSt =
∫
p
[
Ft(p) · φ(p) δSt
δφ(p)
+Gt(p) · 1
2
{
δSt
δφ(p)
δSt
δφ(−p) +
δ2St
δφ(p)δφ(−p)
}]
, (A.11)
where {
Ft(p) ≡ −∂t lnZt(p) ,
Gt(p) ≡ − 2At(p)2 ∂t ln (AtZt) (p) .
(A.12)
The equation for St has the same form as the ERG differential equation (2.55) for
the full action.
We now define the generating functional of the connected correlation functions:
exp [Wt[J ]] ≡
∫
[dφ] exp
[
St[φ] +
∫
p
J(−p)φ(p)
]
. (A.13)
Using the technique familiar from §2.2, we can compute Wt[J ] in terms of W0[J ] as
follows:
exp [Wt[J ]] =
∫
[dφ]e
R
p J(p)φ(−p)
∫
[dφ′] exp
[
−1
2
∫
p
At(p)
2
(
φ(p)− Zt(p)φ′(p)
) (
φ(−p)− Zt(p)φ′(−p)
)
+ S0[φ
′]
]
=
∫
[dφ]
∫
[dφ′] exp
[∫
p
J(p)
(
φ(−p)− Zt(p)φ′(−p)
)
−1
2
∫
p
At(p)
2
(
φ(p)− Zt(p)φ′(p)
) (
φ(−p)− Zt(p)φ′(−p)
)
+S0[φ
′] +
∫
p
J(p)Zt(p)φ
′(−p)
]
. (A.14)
Now, shifting φ by Ztφ
′, we obtain
exp [Wt[J ]] =
∫
[dφ] exp
[
−1
2
∫
p
At(p)
2φ(p)φ(−p) +
∫
p
J(−p)φ(p)
]
×
∫
[dφ′] exp
[
S0[φ
′] +
∫
p
J(p)Zt(p)φ
′(−p)
]
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= exp
[
−1
2
∫
p
1
At(p)2
J(p)J(−p) +W0 [Zt(p)J(p)]
]
. (A.15)
Hence, we obtain
Wt[J ] =W0[ZtJ ]− 1
2
∫
p
1
At(p)2
J(p)J(−p) . (A.16)
This means that nothing is lost in going from S0 to St; we can construct W0 from
Wt, and vice versa. Differentiating the above equation with respect to J , we obtain
the following equation for the connected correlation functions:{
〈φ(p)φ(−p)〉St = 1At(p)2 + Zt(p)2 〈φ(p)φ(−p)〉S0 ,
〈φ(p1) · · · φ(pn)〉St =
∏n
i=1 Zt(pi) · 〈φ(p1) · · ·φ(pn)〉S0 . (n > 1)
(A.17)
This is a generalization of (2.43). Hence, φ(p) of St has the same correlations as the
block spin Zt(p)φ(p) of the original S0. The smearing factor At affects only the two-
point correlation function. This is a well known general characteristic of diffusion
processes.∗)
We now choose a particular blocking function, given in terms of a cutoff function
K:
Zt(p) =
K
(
pet/Λ0
)
K (p/Λ0)
exp
[
1
2
∫ t
0
dt′ η(t′)
]
, (A.18)
where η is an anomalous dimension, which affects only the overall normalization of
the field. For η = 0, we obtain
Zt(p)
{
= 1 (p2 < e−2tΛ20) ,
∼ 0 (p2 > e−2tΛ20) ,
(A.19)
if we assume K(p/Λ) = 1 for p2 < Λ2. Hence, the support of the Fourier transform
Zt(x) has size e
t/Λ0 in space, growing exponentially as t increases. This choice of Zt
corresponds to
Ft(p) ≡ −∂t lnZt(p) = ∆(pe
t/Λ0)
K(pet/Λ0)
− η(t)
2
. (A.20)
With the above choice for Ft(p), we obtain
Gt(p) = −2Zt(p)2 ∂t lnAtZt(p)
= −2 e
R t
0 η
K
(
pet/Λ0
)2
K (p/Λ0)
2
∂t lnAtZt(p)
(AtZt(p))
2 . (A
.21)
Hence,
∂t
1
(AtZt(p))
2 = e
−
R t
0 η
K (p/Λ0)
2
K (pet/Λ0)
2Gt(p) , (A
.22)
∗) The diffusion equation ∂tP (x, t) = D∂
2
xP (x, t) preserves the connected part of the correlation
〈xn〉 =
R
dxxnP (x, t) for n > 2.
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where we impose the initial condition
lim
t→0+
1
(AtZt(p))
2 = 0 . (A
.23)
Let us now look at two examples of Gt(p) and calculate the corresponding
AtZt(p).
Example 1 (Wilson)
We choose
Gt(p) = 2
e2t
Λ20
(
∆(pet/Λ0)
K(pet/Λ0)
+ 1− 1
2
η(t)
)
. (A.24)
This is the original choice of Wilson discussed in sect. 11 of 124).∗) This gives
∂t
Λ20
(AtZt(p))2
= 2e2t−
R t
0 η
K (p/Λ0)
2
K (pet/Λ0)
2
(
∆(pet/Λ0)
K (pet/Λ0)
+ 1− η
2
)
= ∂t
(
e2t−
R t
0
η K (p/Λ0)
2
K (pet/Λ0)
2
)
. (A.25)
Hence, we obtain
Λ20
(AtZt(p))2
= e2t−
R t
0
η K (p/Λ0)
2
K (pet/Λ0)
2 − 1 , (A.26)
using the initial condition (A.23). Thus, using (A.18), we obtain
1
At(p)2
=
1
Λ20
(
1− K
(
pet/Λ0
)2
K (p/Λ0)
2 e
R t
0
η
)
. (A.27)
This implies
 〈φ(p)φ(−p)〉St −
e2t
Λ20
= e
R t
0 η
K(pet/Λ0)
2
K(p/Λ0)
2
(
〈φ(p)φ(−p)〉S0 − 1Λ20
)
,
〈φ(p1) · · ·φ(p2n)〉St = en
R t
0 η
∏2n
i=1
K(piet/Λ0)
K(pi/Λ0)
· 〈φ(p1) · · · φ(p2n)〉S0 .
(A.28)
Wilson’s choice is characterized by the following behavior of the two-point func-
tion as t→∞:
〈φ(p)φ(−p)〉St
t→∞−→ e
2t
Λ20
. (A.29)
Example 2 (Polchinski)
The Polchinski equation (2.55) is obtained if we choose η = 0, and
Gt(p) =
∆(pet/Λ0)
p2 +m2
. (A.30)
∗) We have not introduced rescaling of space. This is discussed briefly in Appendix C.
136 Y. Igarashi, K. Itoh, and H. Sonoda
Here, we make a slightly generalized choice without assuming η = 0:
Gt(p) =
1
p2 +m2(t)
{
∆(pet/Λ0)
−
(
η(t) +
bm(t)
p2 +m2(t)
)
K
(
pet/Λ0
) (
1−K (pet/Λ0))
}
, (A.31)
where m2(t) is a t-dependent squared mass, and
bm(t) ≡ dm
2(t)
dt
. (A.32)
Let us find the corresponding AtZt(p); we find
∂t
1
(AtZt(p))2
= e−
R t
0
η K (p/Λ0)
2
K (pet/Λ0)
2
1
p2 +m2(t)
×
{
∆(pet/Λ0)−
(
η(t) +
bm(t)
p2 +m2(t)
)
K
(
pet/Λ0
) (
1−K (pet/Λ0))
}
= K (p/Λ0)
2 ∂t
{
e−
R t
0
η
p2 +m2(t)
(
1
K (pet/Λ0)
− 1
)}
. (A.33)
Hence,
1
(AtZt(p))2
= K (p/Λ0)
2
·
{
e−
R t
0 η
p2 +m2(t)
(
1
K (pet/Λ0)
− 1
)
− 1
p2 +m2(0)
(
1
K (p/Λ0)
− 1
)}
. (A.34)
Thus, we obtain
1
At(p)2
= K
(
pet/Λ0
)2
·
{
1
p2 +m2(t)
(
1
K (pet/Λ0)
− 1
)
− e
R t
0 η
p2 +m2(0)
(
1
K (p/Λ0)
− 1
)}
. (A.35)
Hence, we obtain the following t dependence of the correlation functions:
〈φ(p)φ(−p)〉St −
K
(
pet/Λ0
) (
1−K (pet/Λ0))
p2 +m2(t)
= e
R t
0 η
K
(
pet/Λ0
)2
K (p/Λ0)
2
(
〈φ(p)φ(−p)〉S0 −
K (p/Λ0) (1−K (p/Λ0))
p2 +m2(0)
)
, (A.36)
and
〈φ(p1) · · · φ(p2n)〉St = en
R t
0 η
2n∏
i=1
K
(
pie
t/Λ0
)
K (pi/Λ0)
· 〈φ(p1) · · · φ(p2n)〉S0 . (A.37)
These reduce to (2.43) if we take η = 0 and t-independent m2.
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A.2. Extention to fermions
In extending the generalized diffusion equations to fermions, we only consider the
spin 12 fields in D = 4. We generate the following one-parameter family of actions:
exp
[
St[ψ, ψ¯]
] ≡ ∫ [dψ′dψ¯′] exp [S0[ψ′, ψ¯′]
−
∫
p
{
ψ¯(−p)− Zt(p)ψ¯′(−p)
}
A¯t(−p)At(p)
{
ψ(p)− Zt(p)ψ′(p)
} ]
, (A.38)
where Zt is a scalar, and At & A¯t are 4-by-4 matrices. We choose
Z0 = 1 ,
1
A¯0A0
= 0 , (A.39)
so that
lim
t→0+
St = S0 . (A.40)
Let us define the generating functional by
exp
[
Wt[ξ¯, η]
] ≡ ∫ [dψdψ¯] exp [St[ψ, ψ¯] +
∫
(ξ¯ψ + ψ¯η)
]
. (A.41)
We then obtain the familiar relation
Wt[ξ¯, η] =W0[Ztξ¯, Ztη] +
∫
ξ¯(−p) 1
A¯t(−p)At(p)
η(p) , (A.42)
where 1/(A¯tAt) denotes the inverse of the matrix A¯tAt.
To derive the differential equation for St, it is convenient to rewrite
exp
[
St[ψ, ψ¯]
]
=
∫
[dψ′dψ¯′] exp
[
−
∫
p
ψ¯′(−p)ψ′(p)
+S0
[
1
Zt
(
1
At
ψ′ + ψ
)
,
1
Zt
(
ψ¯′
1
A¯t
+ ψ¯
)]]
. (A.43)
From this, we obtain the following ERG differential equation:
∂tSt =
∫
p
[
Ft(p)
{
St
←−
δ
δψ(p)
ψ(p) + ψ¯(−p)
−→
δ
δψ¯(−p)St
}
−TrGt(p)
{ −→
δ
δψ¯(−p)St · St
←−
δ
δψ(p)
+
−→
δ
δψ¯(−p)St
←−
δ
δψ(p)
}]
, (A.44)
where {
Ft(p) ≡ −∂t lnZt(p) ,
Gt(p) ≡ Zt(p)2∂t
{
1/
(
Zt(p)
2A¯t(−p)At(p)
)}
.
(A.45)
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Example 1 (Polchinski)
We take
Zt(p) ≡
K
(
pet/Λ0
)
K (p/Λ0)
=
K
K0
, (A.46a)
1
A¯t(−p)At(p)
≡ 1
p/ + im
K
(
1− K
K0
)
. (A.46b)
Then we obtain {
Ft(p) ≡ ∆(pet/Λ0)/K
(
pet/Λ0
)
,
Gt(p) ≡ ∆(pet/Λ0)/
(
p/ + im
)
.
(A.47)
Example 2 (chirality breaking diffusion)
We keep the same blocking factor Zt, but take the smearing factor
1
A¯tAt
=
1
im
K
(
1− K
K0
)
(A.48)
so that
Gt(p) =
∆(pet/Λ0)
im
. (A.49)
The smearing factor breaks chirality explicitly. Even if we start from the chiral
invariant action
S0[ψ, ψ¯] = −
∫
p
1
K0(p)
ψ¯(−p)p/ψ(p) , (A.50)
the diffusion process breaks chiral symmetry explicitly, and St>0 is not manifestly
chiral invariant. But it does inherit the chiral invariance of the original action S0,
as will be shown at the end of the next subsection. It is straightforward to find
St[ψ, ψ¯] = −
∫
p
ψ¯(−p)Dt(p)ψ(p) , (A.51)
where
Dt(p) ≡ imK0
K
p/
(K0 −K)p/ + imK
. (A.52)
This satisfies the initial condition:
D0(p) =
p/
K0
. (A.53)
Now, we take Λ0 → ∞, while we keep Λ = Λ0e−t finite. We obtain the continuum
limit:
DΛ(p) =
im
K (p/Λ)
p/
(1−K (p/Λ))p/ + imK (p/Λ) . (A
.54)
This has an interesting property:
DΛ(p) −→
{ im
K(p/Λ) (p≫ Λ) ,
p/ (p < Λ) .
(A.55)
For p2 < Λ2, chiral invariance becomes manifest.
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A.3. WT operator for chiral invariance
As an application, let us formulate the WT identity for chiral invariance. At
scale Λ0, we define the WT operator
Σ0[ψ, ψ¯] ≡
∫
p
(
S0
←−
δ
δψ(p)
γ5ψ(p) + ψ¯(−p)γ5
−→
δ
δψ¯(−p)S0
)
(A.56)
for chiral invariance (axial invariance to be more precise). Σ0 = 0 implies that the
action S0 is invariant under the chiral transformation:
ψ(p) −→ γ5ψ(p) , ψ¯(p) −→ ψ¯(p)γ5 . (A.57)
We wish to study how the chiral symmetry is realized by the Wilson action St with
t > 0.
A familiar calculation gives∫
[dψdψ¯]Σ0[ψ, ψ¯] exp
[
S0[ψ, ψ¯] +
∫
(ξ¯ψ + ψ¯η)
]
=
∫
[dψdψ¯]Σt[ψ, ψ¯] exp
[
St[ψ, ψ¯] +
∫
1
Zt
(
ξ¯ψ + ψ¯η
)− ∫ 1
Z2t
ξ¯
1
A¯tAt
η
]
,(A.58)
where
Σt ≡ −
∫
p
Tr γ5
[
ψ(p) · St
←−
δ
δψ(p)
+
−→
δ
δψ¯(−p)St · ψ¯(−p)
]
−
∫
p
Tr
{
γ5 ,
1
A¯tAt
}[ −→
δ
δψ¯(−p)St · St
←−
δ
δψ(p)
+
−→
δ
δψ¯(−p)St
←−
δ
δψ(p)
]
. (A.59)
Hence, the chiral invariance of St is given by
Σt = 0 . (A.60)
For a free theory∗)
St = −
∫
p
ψ¯(−p)Dt(p)ψ(p) , (A.61)
the relation Σt = 0 reduces to the Ginsparg-Wilson relation
47)
{γ5,Dt(p)} −Dt(p)
{
γ5,
1
A¯tAt
}
Dt(p) = 0 . (A.62)
ERG gives the following t-dependence:
Dt(p) = A¯tAt − A¯tAtZt 1
D0 + Z2t A¯tAt
ZtA¯tAt . (A.63)
∗) The quantum master equation and its solutions have been studied for interacting fermions in
Refs. 64),68),69). See also Ref. 58)
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Substituting this into the Ginsparg-Wilson relation above, we obtain what is ex-
pected:
{γ5,D0} = 0 , (A.64)
which is equivalent to
Σ0 = 0 . (A.65)
Let us reexamine the second example of the previous subsection, where we have
chosen the blocking factor (A.46a) and the chirality breaking smearing factor (A.48):
Zt(p) =
K
K0
,
1
A¯tAt
=
1
im
K
(
1− K
K0
)
. (A.66)
(A.59) gives
Σt ≡ −
∫
p
Tr γ5
[
ψ(p) · St
←−
δ
δψ(p)
+
−→
δ
δψ¯(−p)St · ψ¯(−p)
+
2K0
imK
(K0 −K)
{ −→
δ
δψ¯(−p)St · St
←−
δ
δψ(p)
+
−→
δ
δψ¯(−p)St
←−
δ
δψ(p)
}]
.(A.67)
The free action
St[ψ, ψ¯] = −
∫
p
ψ¯(−p)imK0
K
p/
(K0 −K)p/ + imK
ψ(p) , (A.68)
given by (A.51) and (A.52), indeed satisfies the WT identity:
Σt = 0 . (A.69)
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Appendix B
Applications of composite operators
In the main text we have shown how to realize symmetry in terms of either a
WT composite operator ΣΛ or a QM composite operator Σ¯Λ. In this appendix we
describe two further applications of composite operators: one to beta functions, and
the other to universality.
B.1. Beta functions
We recall that the Wilson action of the φ4 theory in D = 4 is defined by the
Polchinski equation
−Λ ∂
∂Λ
SI,Λ[φ] =
∫
p
∆(p/Λ)
p2 +m2
1
2
{
δSI,Λ[φ]
δφ(−p)
δSI,Λ[φ]
δφ(p)
+
δ2SI,Λ[φ]
δφ(−p)δφ(p)
}
, (B.1)
and the asymptotic behavior
SI,Λ
Λ→∞−→
∫
d4x
[(
Λ2a2(lnΛ/µ) +m
2b2(lnΛ/µ)
) φ2
2
+c2(lnΛ/µ)
1
2
(∂µφ)
2 + a4(lnΛ/µ)
φ4
4!
]
. (B.2)
The Wilson action is parametrized not only by m2 which appears in the differential
equation, but also by the three parameters b2(0), c2(0), a4(0). Here, for the sake of
simplicity, we make a simple choice:106)
b2(0) = c2(0) = 0, a4(0) = −λ . (B.3)
We call this the MS scheme for its similarity to the minimal subtraction scheme
for dimensional regularization.111), 112) We immediately notice, though, that the
MS scheme depends on the choice of µ. The MS scheme (B.3) for a different µ
corresponds to b2(0), c2(0), a4(0) that do not satisfy (B.3) for the original µ. It is the
purpose of this appendix to derive the µ dependence of the Wilson action in the MS
scheme (B.3).108)(See also 31), 57) for derivations of beta functions from the ERG.
Ref. 91) derives the same mass independent RG equation as (B.22).)
Since µ can be regarded as a constant external field, the derivative of the Wilson
action
−µ∂SΛ
∂µ
(B.4)
is a composite operator. (Here, m2 and λ are fixed.) To be more precise, it is a
dimension 4 composite operator with zero momentum. Hence, it must be a linear
combination of the three linearly independent composite operators
m2
[
φ2
2
]
Λ
(0) ,
[
φ4
4!
]
Λ
(0) ,
[
1
2
(∂µφ)
2
]
Λ
(0) , (B.5)
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which are defined at the end of §4.3. The asymptotic behavior (B.2) implies the
following asymptotic behavior:
−µ∂SΛ
∂µ
Λ→∞−→
∫
d4x
[(
Λ2a˙2(lnΛ/µ) +m
2b˙2(lnΛ/µ)
) φ2
2
+c˙2(lnΛ/µ)
1
2
(∂µφ)
2 + a˙4(lnΛ/µ)
φ4
4!
]
, (B.6)
where
a˙2(lnΛ/µ) ≡ Λ ∂
∂Λ
a2(lnΛ/µ) , etc. (B.7)
Hence, we obtain
−µ∂SΛ
∂µ
= b˙2(0)m
2
[
φ2
2
]
Λ
(0) + c˙2(0)
[
1
2
(∂µφ)
2
]
Λ
(0) + a˙4(0)
[
φ4
4!
]
Λ
(0) , (B.8)
where the coefficients depend only on λ.
We now wish to rewrite the above equation as a physically meaningful equa-
tion. For this purpose, we construct an alternative basis of dimension 4 composite
operators with zero momentum.
We first consider
Oλ ≡ −∂λSΛ = −∂λSI,Λ . (B.9)
This is a composite operator of the type (4.34), since λ can be regarded as a constant
external field. This satisfies
〈Oλ φ(p1) · · · φ(pn)〉∞ ≡
n∏
i=1
1
K (pi/Λ)
· 〈Oλ φ(p1) · · · φ(pn)〉SΛ
= −∂λ 〈φ(p1) · · · φ(pn)〉∞ . (B.10)
Similarly, we wish to construct a composite operator Om that gives
〈Om φ(p1) · · · φ(pn)〉∞ = −∂m2 〈φ(p1) · · · φ(pn)〉∞ (B.11)
for any n. For n 6= 2, the m2 derivative of SΛ will do:
−∂m2 〈φ(p1) · · · φ(pn)〉∞ =
n∏
i=1
1
K (pi/Λ)
· 〈(−∂m2SΛ) φ(p1) · · · φ(pn)〉SΛ .(B.12)
But, for n = 2, we obtain
−∂m2 〈φ(p)φ(−p)〉∞
= −∂m2
(
1
K2
〈φ(p)φ(−p)〉SΛ +
1− 1/K
p2 +m2
)
=
1
K2
(
〈(−∂m2SΛ)φ(p)φ(−p)〉SΛ +
K(K − 1)
(p2 +m2)2
)
. (B.13)
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Hence, we need O′ that satisfies{
〈O′ φ(p)φ(−p)〉SΛ =
K(K−1)
(p2+m2)2 ,
〈O′ φ(p1) · · · φ(pn)〉SΛ = 0 (n 6= 2) .
(B.14)
This is easily constructed as
O′ =
∫
p
K(K − 1)
(p2 +m2)2
1
2
{
δSΛ
δφ(p)
δSΛ
δφ(−p) +
δ2SΛ
δφ(p)δφ(−p)
}
. (B.15)
Hence, we obtain
Om = −∂m2SΛ +O′
= −∂m2SΛ −
∫
p
K(1−K)
(p2 +m2)2
1
2
{
δSΛ
δφ(p)
δSΛ
δφ(−p) +
δ2SΛ
δφ(p)δφ(−p)
}
. (B.16)
It is straightforward to check that this Om satisfies the ERG differential equation
(4.3).
The third and last composite operator is defined by
N ≡ −
∫
p
K (p/Λ)
{
[φ]Λ(p)
δSΛ
δφ(p)
+
δ
δφ(p)
[φ]Λ(p)
}
, (B.17)
where
[φ]Λ(p) ≡ 1
K
φ(p) +
1−K
p2 +m2
δSΛ
δφ(−p) (B
.18)
is the composite operator corresponding to φ(p). N is a composite operator of the
type (4.32), and it has a simple correlation function
〈N φ(p1) · · · φ(pn)〉∞ = n 〈φ(p1) · · ·φ(pn)〉∞ (B.19)
for any n.
Thus, we have obtained an alternative basis of dimension 4 scalar composite
operators with zero momentum, consisting of
Oλ , m2Om , N . (B.20)
We can use this basis, instead of the basis consisting of (B.5), to expand −µ ∂∂µSΛ:
−µ∂SΛ
∂µ
= βm(λ)m
2Om + β(λ)Oλ + γ(λ)N , (B.21)
where the coefficients are all functions of λ alone, since they cannot depend on
lnΛ/µ. The physical meaning of this equation is clear. It implies, for the correlation
functions, (
−µ ∂
∂µ
+ βmm
2∂m2 + β∂λ − nγ
)
〈φ(p1) · · ·φ(pn)〉∞ = 0 . (B.22)
This is a mass independent renormalization group equation.111), 118)
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B.2. Universality
Universality is an important concept in renormalization theory. To construct
a continuum limit, there are always more than one way. The independence of the
continuum limit on the particular method of construction is called universality. For
example, if we use a lattice to construct a continuum theory, the limit should not
depend on what kind of lattice, whether square or cubic, we use.
In the following we examine universality in two restricted senses. First, we wish
to show that the continuum limit (i.e., the correlation functions with the suffix ∞)
does not depend on the particular asymptotic conditions we use to select a solution
of the ERG differential equation. Second, we wish to show that the continuum limit
does not depend on the choice of a cutoff function K.
Scheme dependence
Let us compare two solutions of the same Polchinski differential equation (B.1).
One is SΛ satisfying the MS condition (B.3), and the other is SΛ + δSΛ satisfying

b2(0) = δb2 ,
c2(0) = δc2 ,
a4(0) = −λ+ δa4 ,
(B.23)
where δb2, δc2, δa4 are all infinitesimal constants. Then, δSΛ is a composite operator
given by
δSΛ = δb2m
2
[
φ2
2
]
Λ
(0) + δc2
[
1
2
(∂µφ)
2
]
Λ
(0) + δa4
[
φ4
4!
]
Λ
(0) . (B.24)
Using the alternative basis, we can rewrite this in the form
δm2Om + δz
2
N + δλOλ . (B.25)
This implies that SΛ + δSΛ, which does not satisfy the MS condition (B.3), gives
the same continuum limit as the Wilson action satisfying (B.3) with squared mass
m2 + δm2 and coupling λ+ δλ. The only difference is in the normalization of fields
by a factor 12δz. Extending this, we can show that the action with any choice of
b2(0), c2(0), a4(0) is equivalent to an action satisfying the MS condition (B.3) up to
field normalization.
Dependence on the choice of K
In our discussions so far, we have always kept a choice of the cutoff function K.
Physics should not depend on the choice of K, and we will show this in the following.
Let SΛ be a solution of the ERG equation with the cutoff function K + δK,
infinitesimally different from K. We would like to construct an equivalent action S′Λ
that has K as the cutoff function. We first recall that the correlation functions in
the continuum limit are given by{
〈φ(p)φ(−p)〉∞ = 1
(K+δK)2
〈φ(p)φ(−p)〉SΛ +
1−1/(K+δK)
p2+m2
,
〈φ(p1) · · ·φ(pn)〉∞ =
∏n
i=1
1
(K+δK)(pi)
· 〈φ(p1) · · ·φ(pn)〉SΛ .
(B.26)
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This can be rewritten as
〈φ(p)φ(−p)〉∞ = 1
K2
{
〈(1− δK/K) φ(p) (1− δK/K) φ(−p)〉SΛ
+
δK
p2 +m2
}
+
1− 1/K
p2 +m2
, (B.27)
〈φ(p1) · · · φ(pn)〉∞ =
n∏
i=1
1
K(pi)
×〈(1− δK/K) φ(p1) · · · (1− δK/K) φ(pn)〉SΛ . (B.28)
We now construct a new Wilson action by
S′Λ ≡ SΛ +
∫
p
δK
K
φ(p)
δSΛ
δφ(p)
+
∫
p
δK
p2 +m2
1
2
{
δSΛ
δφ(p)
δSΛ
δφ(−p) +
δ2SΛ
δφ(p)δφ(−p)
}
. (B.29)
This has the correlation functions:{
〈φ(p)φ(−p)〉S′Λ = 〈(1− δK/K) φ(p) (1− δK/K) φ(−p)〉SΛ +
δK
p2+m2 ,
〈φ(p1) · · · φ(pn)〉S′Λ = 〈(1− δK/K) φ(p1) · · · (1− δK/K) φ(pn)〉SΛ ,
(B.30)
so that
〈φ(p)φ(−p)〉∞ = 1
K2
〈φ(p)φ(−p)〉S′Λ +
1− 1/K
p2 +m2
, (B.31)
〈φ(p1) · · · φ(pn)〉∞ =
n∏
i=1
1
K(pi)
· 〈φ(p1) · · ·φ(pn)〉S′Λ . (B.32)
This implies
1. that S′Λ satisfies the Polchinski equation with the cutoff function K,
2. that S′Λ gives the same continuum limit as SΛ.
Hence, the continuum limit does not depend on the choice of a cutoff function. Note
that even if SΛ obeys the MS condition (B.3), S
′
Λ does not necessarily obey it.
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Appendix C
ERG differential equations for fixed points
In the main text we use the Polchinski differential equation, (2.51) for SI,Λ and
(2.55) for SΛ, to construct the continuum limit of renormalizable theories. This equa-
tion is NOT what was originally proposed by K. G. Wilson for his non-perturbative
studies of field theory.124) As we lower the cutoff Λ, the cutoff function K (p/Λ)
keeps changing its momentum dependence, and hence the Polchinski equation has
no fixed point. In this appendix we explain how to modify the Polchinki equation
to obtain an ERG differential equation that can have non-trivial fixed points.
To have a fixed point, we must do two things:
1. make everything dimensionless by multiplying an appropriate power of the cut-
off Λ,
2. rescale the field to normalize the kinetic term.
Let us explain the above one by one:
1. For the real scalar theory in D dimensions, the Fourier transform φ(p) has mass
dimension −D+22 . Using the dimensionless ratio
p¯ ≡ p
Λ
, (C.1)
we define the dimensionless field
φ¯(p¯) ≡ ΛD+22 φ(p) . (C.2)
We then rewrite the Wilson action
SΛ[φ] = −1
2
∫
p
p2
K(p/Λ)
φ(p)φ(−p) +
∞∑
n=1
1
(2n)!
∫
p1,··· ,p2n
φ(p1) · · · φ(p2n)
×(2π)Dδ(D)(p1 + · · · p2n)V2n(Λ; p1, · · · , p2n) (C.3)
as
S¯t[φ¯] ≡ −1
2
∫
p¯
p¯2
K(p¯)
φ¯(−p¯)φ¯(p¯) +
∞∑
n=1
1
(2n)!
∫
p¯1,··· ,p¯2n
φ¯(p¯1) · · · φ¯(p¯2n)
×(2π)Dδ(D)(p¯1 + · · · p¯2n) V¯2n(t; p¯1, · · · , p¯2n) , (C.4)
where we define
V¯2n(t; p¯1, · · · , p¯2n) ≡ Λ(n−1)D−2n V2n(Λ; p1, · · · , p2n) (C.5)
so that
SΛ[φ] = S¯t[φ¯] . (C.6)
The parameter t is a dimensionless parameter such that
Λ ∝ e−t . (C.7)
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If SΛ[φ] satisfies the Polchinski equation, then S¯t satisfies
∂tS¯t =
∫
p
{
pµ
∂φ¯(p)
∂pµ
+
(
D + 2
2
+
∆(p)
K(p)
)
φ(p)
}
δS¯t
δφ¯(p)
+
∫
p
∆(p)
p2
1
2
(
δS¯t
δφ¯(p)
δS¯t
δφ¯(−p) +
δ2S¯t
δφ¯(p)δφ¯(−p)
)
, (C.8)
where we have omitted the bar above the integration variable p¯.
2. To obtain a fixed point, we must normalize the field to satisfy
∂
∂p2
V¯2(t; p,−p)
∣∣∣
p2=0
= 0 (C.9)
This further modifies the differential equation to
∂tS¯t =
∫
p
{
pµ
∂φ¯(p)
∂pµ
+
(
D + 2
2
− ηt
2
+
∆(p)
K(p)
)
φ¯(p)
}
δS¯t
δφ¯(p)
(C.10)
+
∫
p
1
p2
{∆(p)− ηtK(p)(1−K(p))} 1
2
(
δS¯t
δφ¯(p)
δS¯t
δφ¯(−p) +
δ2S¯t
δφ¯(p)δφ¯(−p)
)
,
where the constant ηt, anomalous dimension, is determined as
ηt =
− ∂
∂p2
∫
q
∆(q)
q2
V¯4(t; q,−q, p,−p)
∣∣∣
p2=0
1− ∂
∂p2
∫
q
K(q)(1−K(q))
q2
V¯4(t; q,−q, p,−p)
∣∣∣
p2=0
. (C.11)
The last ERG differential equation (C.10) has not only the gaussian fixed point
S¯G[φ¯] ≡ −1
2
∫
p
φ¯(−p)φ¯(p) p
2
K(p)
, (C.12)
but also a non-trivial fixed point, called the Wilson-Fisher fixed point, if D < 4.
In the above we have modified the ERG differential equation not only to have a
fixed point, but also to give simple t-dependence to the correlation functions, similar
to (2.43). We find the following results:
1
K(pet)2
〈
φ¯(pet)φ¯(−pet)〉
S¯t
+
1− 1/K(pet)
p2e2t
= exp
[
−2t+
∫ t
dt′ ηt′
]
· (t-independent) , (C.13a)
n∏
i=1
1
K(p+ iet)
· 〈φ¯(p1et) · · · φ¯(pnet)〉S¯t
= exp
[
t
(
D − nD + 2
2
)
+
n
2
∫ t
dt′ ηt′
]
· (t-independent) . (C.13b)
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The original differential equation, given in 124), is based upon Wilson’s ERG
differential equation (Example 1 of §A.1), and is somewhat different from the above:
∂tS¯t =
∫
p¯
{
pµ
∂φ¯(p)
∂pµ
+
(
D + 2
2
− ηt
2
+
∆(p)
K(p)
)
φ(p)
}
δS¯t
δφ¯(p)
(C.14)
+
∫
p
{
∆(p)
K(p)
+ 1− ηt
2
}
1
2
(
δS¯t
δφ¯(p)
δS¯t
δφ¯(−p) +
δ2S¯t
δφ¯(p)δφ¯(−p)
)
.
The difference in the second line comes from the choice of Gt (A.24). In 124), the
function ∆(p)/K(p) is denoted as
ρ(p) . (C.15)
Expanding S¯t in powers of fields
S¯t = −
∞∑
n=1
1
(2n)!
∫
φ¯(p1) · · · φ¯(p2n) (2π)Dδ(D)(p1 + · · · p2n)u2n(t; p1, · · · , p2n) ,
(C.16)
the anomalous dimension ηt is determined by the normalization condition
∂
∂p2
u2(t; p,−p)
∣∣∣
p2=0
= 1 (C.17)
as
ηt
2
=
−2u2(t; 0, 0) + ∂∂p2
∫
q
(
∆(q)
K(q) + 1
)
1
2u4(t; q,−q, p,−p)
∣∣∣
p2=0
1− 2u2(t; 0, 0) + ∂∂p2 12
∫
q u4(t; q,−q, p,−p)
∣∣∣
p2=0
(C.18)
(C.14) gives slightly different t-dependence to the two-point correlation function:
1
K(pet)2
(〈
φ¯(pet)φ¯(−pet)〉
S¯t
− 1
)
= exp
[
−2t+
∫ t
dt′ ηt′
]
· (t-independent) , (C.19a)
n∏
i=1
1
K(piet)
· 〈φ¯(p1et) · · · φ¯(pnet)〉S¯t
= exp
[
t
(
D − nD + 2
2
)
+
n
2
∫ t
dt′ ηt′
]
· (t-independent) . (C.19b)
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Appendix D
Symmetry of the effective average action
The purpose of this appendix is to rewrite the WT identity and quantum master
equation of the Wilson action as those of the corresponding effective average action.
We have briefly discussed this in §10.5, where a more functional method is used than
the method here. Our main tool is the relation between a composite operator and
its 1PI sibling, given by (4.45) & (4.46).
We first consider a generic WT composite operator
ΣΛ[φ] ≡
∫
p
K (p/Λ)
[
OΛ[φ](p) δSΛ
δφ(p)
+
δ
δφ(p)
OΛ[φ](p)
]
, (D.1)
where OΛ[φ](p) is a composite operator of momentum p giving an infinitesimal trans-
formation of φ(p). The corresponding 1PI composite operator is defined by
Σ1PIΛ [Φ] ≡ ΣΛ[φ] , (D.2)
where
Φ(p) ≡ 1
K (p/Λ)
φ(p) +
1−K (p/Λ)
p2 +m2
δSΛ
δφ(−p) . (D
.3)
(In this appendix, we consider only the continuum limit Λ0 → ∞.) Since Φ and φ
coincide asymptotically, ΣΛ[φ] and Σ
1PI
Λ [Φ] share the same asymptotic behavior.
In order to express ΣΛ[φ] in terms of Φ, we consider the two composite operators
OΛ[φ] and K(p) δSΛδφ(p) one by one.
(i) OΛ[φ] — The corresponding 1PI composite operator is given by
O1PIΛ [Φ] = OΛ[φ] . (D.4)
(ii) K(p) δSΛδφ(p) — Writing ΓΛ for ΓB,Λ for short, (2
.85) and (2.86) give
Φ(p) = − 1
K
1−K
p2 +m2
δΓΛ[Φ]
δΦ(−p) +
1−K
p2 +m2
δSΛ[φ]
δφ(−p) . (D
.5)
Hence,
K (p/Λ)
δSΛ
δφ(−p) = −(p
2 +m2)Φ(p) +
δΓI,Λ[Φ]
δΦ(−p) , (D
.6)
where the interaction part ΓI,Λ[Φ] is defined so that
ΓΛ[Φ] = −1
2
∫
p
p2 +m2
1−K (p/Λ)Φ(−p)Φ(p) + ΓI,Λ[Φ] . (D
.7)
Thus, we obtain
Σ1PIΛ [Φ] =
∫
p
[{
−(p2 +m2)Φ(−p) + δΓI,Λ[Φ]
δΦ(p)
}
O1PIΛ [Φ](p)
+K (p/Λ)
∫
q
δΦ(q)
δφ(p)
δO1PIΛ [Φ](p)
δΦ(q)
]
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=
∫
p
[{
−(p2 +m2)Φ(−p) + δΓI,Λ[Φ]
δΦ(p)
}
O1PIΛ [Φ](p)
−
∫
q
(
Γ
(2)
Λ
)−1
(q,−p)RΛ(p)δO
1PI
Λ [Φ](p)
δΦ(q)
]
, (D.8)
where we have used (2.97)
δΦ(q)
δφ(p)
= −
(
Γ
(2)
Λ
)−1
(q,−p) p
2 +m2
1−K (p/Λ) , (D
.9)
and
RΛ(p) ≡
(
p2 +m2
) K (p/Λ)
1−K (p/Λ) . (D
.10)
For example, the WT identity for QED
kµ
δSI,Λ
δAµ(k)
= e
∫
p
K (p/Λ)
(
−SΛ
←−
δ
δψ(p)
[ψ](p − k) + Tr [ψ](p − k)
←−
δ
δψ(p)
+[ψ¯](−p− k)
−→
δ
δψ¯(−p)SΛ − Tr
−→
δ
δψ¯(−p) [ψ¯](−p− k)
)
(D.11)
is rewritten as
kµ
δΓI,Λ
δAµ(k) = e
∫
p
[
Ψ¯(−p− k)k/Ψ(p)
−ΓI,Λ
←−
δ
δΨ(p+ k)
Ψ(p) + Ψ¯(−p− k)
−→
δ
δΨ(−p)ΓI,Λ (D
.12)
+K ((p+ k)/Λ) TrΨ(p)
←−
δ
δψ(p + k)
−K (p/Λ) Tr
−→
δ
δψ¯(−p) Ψ¯(−p− k)
]
,
where 

Aµ(k) = [Aµ]Λ(k) ,
Ψ(p) = [ψ]Λ(p) ,
Ψ¯(−p) = [ψ¯]Λ(−p) .
(D.13)
We next consider the quantum master operator
Σ¯Λ[φ, φ
∗] ≡
∫
p
K (p/Λ)
[
δS¯Λ
δφ(p)
−→
δ
δφ∗(−p) S¯Λ +
−→
δ
δφ∗(−p)
δS¯Λ
δφ(p)
]
. (D.14)
The antifield φ∗ is a classical external field, and it does not affect the Legendre
transformation between S¯Λ[φ, φ
∗] and Γ¯Λ[Φ, φ
∗]. The Legendre transformation is
given by
Γ¯Λ[Φ, φ
∗] = S¯Λ[φ, φ
∗] +
∫
p
p2 +m2
1−K
(
1
2K
φ(p)φ(−p)− Φ(p)φ(−p)
)
, (D.15)
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where
Φ(p) =
1
K
φ(p) +
1−K
p2 +m2
δS¯Λ[φ, φ
∗]
δφ(−p) . (D
.16)
From the general relation (2.73), we obtain
−→
δ
δφ∗(−p) S¯Λ[φ, φ
∗] =
−→
δ
δφ∗(−p) Γ¯Λ[Φ, φ
∗] . (D.17)
Hence, the 1PI quantum master operator is given by
Σ¯1PIΛ [Φ, φ
∗] =
∫
p
[{
−(p2 +m2)Φ(−p) + δΓ¯I,Λ[Φ, φ
∗]
δΦ(p)
} −→
δ
δφ∗(−p) Γ¯Λ[Φ, φ
∗]
−
∫
q
(
Γ¯
(2)
Λ
)−1
(q,−p)RΛ(p)
−→
δ
δφ∗(−p)
δΓ¯Λ[Φ, φ
∗]
δΦ(q)
]
. (D.18)
Since
Σ¯Λ[φ, φ
∗] = Σ¯1PIΛ [Φ, φ
∗] (D.19)
by construction, Σ¯Λ and Σ¯
1PI
Λ share the same asymptotic behavior. For YM theories,
Σ¯1PIΛ [Φ, φ
∗] = 0 (D.20)
is called the modified Slavnov-Taylor (ST) identity, first obtained by Ell-
wanger.40)
To summarize, for the effective average action, the WT identity is given by
Σ1PIΛ [Φ] = 0 , (D.21)
where Σ1PIΛ [Φ] is given by (D
.8), and the quantum master equation is given by the
modified ST identity
Σ¯1PIΛ [Φ, φ
∗] = 0 , (D.22)
where Σ¯1PI [Φ, φ∗] is given by (D.18).
In the limit Λ → 0+, the effective average action becomes the effective action
(the generating functional of the 1PI correlation functions):{
limΛ→0+ ΓΛ[Φ] = Γ [Φ] ,
limΛ→0+ Γ¯Λ[Φ, φ
∗] = Γ¯ [Φ, φ∗] .
(D.23)
Since K (p/Λ) vanishes in this limit, the identities (D.21) & (D.22) reduce to{ ∫
p
δΓ [Φ]
δΦ(p)O1PIΛ=0[Φ](p) = 0 ,∫
p
δΓ¯ [Φ,φ∗]
δΦ(p)
−→
δ
δφ∗(−p) Γ¯ [Φ, φ
∗] = 0 .
(D.24)
The latter is the Zinn-Justin equation,125) familiar from YM theories.
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Appendix E
O(N) linear sigma model
In this subsection we apply the antifield formalism to the O(N) linear sigma
model. The model is a typical example of theories with their symmetry realized
linearly. In such cases, it should not be surprising that the WT identity ΣΛ = 0 or
the QME Σ¯Λ = 0 for the Wilson action boils down to the invariance of the action
under the na¨ıve linear transformation.∗) Though we do not discuss it here, the
Wess-Zumino model with auxiliary fields has its supersymmetry linearly realized,
and the supersymmetry of the Wilson action is invariant under the na¨ıve linear
supersymmetry transformation.35), 93), 102)
We consider a theory of N real scalar fields φi invariant under the following
linear O(N) transformation:
δφi(p) = ξ
aT aijφj(p) , (i = 1, · · · , N) (E.1)
where ξa (a = 1, · · · , N(N−1)/2) is an infinitesimal constant. The N -by-N matrices
T a are real and antisymmetric, and they satisfy the commutation relation[
T a, T b
]
= −fabcT c , (E.2)
where the structure constants are real and completely antisymmetric, and satisfy the
Jacobi identity:
fabdfdce + f bcdfdae + f cadfdbe = 0 . (E.3)
The Wilson action is given as
SΛ = SF,Λ + SI,Λ , (E.4)
where the free part is
SF,Λ ≡ 1
2
∫
p
φi(p)φi(−p) p
2 +m2
K (p/Λ)
. (E.5)
Using the composite operator corresponding to the elementary field
[φi]Λ(p) ≡ φi(p) + 1−K (p/Λ)
p2 +m2
δSI,Λ
δφi(−p) , (E
.6)
the WT composite operator is given by
ΣΛ[φ] ≡
∫
p
K (p/Λ)
[
δSΛ
δφi(p)
ξaT aij [φj ]Λ(p) +
δ
δφi(p)
(
ξaT aij [φj ]Λ(p)
)]
. (E.7)
The WT identity
ΣΛ = 0 (E.8)
∗) In preparing this appendix, we have benefited from the discussions with Drs. K. U¨lker and
L. Akant.
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is equivalent to the cutoff independent identities
n∑
j=1
〈
φi1(p1) · · · ξaT aijkφk(pj) · · · φin(pn)
〉∞
= 0 (E.9)
for any n.
We now wish to show that the WT identity (E.8) is equivalent to the na¨ıve
identity: ∫
p
δSI,Λ
δφi(p)
ξaT aijφj(p) = 0 . (E.10)
This is done in two steps. First we show the vanishing of the jacobian:∫
p
K (p/Λ)
δ
δφi(p)
(
ξaT aij [φj ]Λ(p)
)
=
∫
p
K (p/Λ) ξaT aij
(
δij(2π)
4δ(0) +
1−K (p/Λ)
p2 +m2
δ2SI,Λ
δφi(p)δφj(−p)
)
= 0 . (E.11)
This vanishes because of the antisymmetry of T a. Second we consider∫
p
K (p/Λ)
δSΛ
δφi(p)
ξaT aij [φj ]Λ(p)
=
∫
p
K (p/Λ)
[
−(p2 +m2) 1
K (p/Λ)
φi(−p) + δSI,Λ
δφi(p)
]
× ξaT aij
[
φj(p) +
1−K (p/Λ)
p2 +m2
δSI,Λ
δφj(−p)
]
=
∫
p
K (p/Λ)
[
−1−K (p/Λ)
K (p/Λ)
φi(−p) δSI,Λ
δφj(−p) +
δSI,Λ
δφi(p)
φj(p)
]
ξaT aij
= −
∫
p
φi(−p) δSI,Λ
δφj(−p)ξ
aT aij , (E.12)
where we have used the antisymmetry of T a again. Hence, the WT identity is
equivalent to (E.10).
We now promote ξa to anticommuting ghost fields, constant in space. We then
introduce the fermionic antifields φ∗i (p) for φi(p) and bosonic constant antifields ξ
∗a
for ξa. We define the action by
S¯Λ ≡ SF,Λ +
∫
p
φ∗i (−p)ξaT aijφj(p) +
1
2
∫
p
φ∗i (p)ξ
aT aijφ
∗
kξ
bT bkj
1−K (p/Λ)
p2 +m2
+SI,Λ
[
φshi (p)
]
− 1
2
ξa∗fabcξbξc , (E.13)
where the interaction action is the same as before, except that the fields are shifted
by antifields:
φshi (p) ≡ φi(p) + φ∗j (p)ξaT aji
1−K (p/Λ)
p2 +m2
. (E.14)
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S¯Λ is constructed so that it satisfies the same Polchinski differential equation as SΛ.
The last Λ-independent term generates the O(N) transformation of the ghosts:
δξa =
∂S¯Λ
∂ξa∗
= −1
2
fabcξbξc . (E.15)
The QM operator is defined by
Σ¯Λ[φ, φ
∗; ξ, ξ∗] ≡
∫
p
K (p/Λ)
{
δS¯Λ
δφi(p)
·
−→
δ
δφ∗i (−p)
S¯Λ +
δ
δφi(p)
−→
δ
δφ∗i (−p)
S¯Λ
}
+
∂S¯Λ
∂ξc∗
−→
∂
∂ξc
S¯Λ . (E.16)
We wish to verify that the QME
Σ¯Λ[φ, φ
∗; ξ, ξ∗] = 0 (E.17)
is equivalent to the WT identity (E.8), and hence equivalent to the na¨ıve identity
(E.10). Verification is straightforward but takes several steps.
1. We first compute
−→
δ
δφ∗i (−p)
S¯Λ = ξ
aT aij
[
φj(p) + φ
∗
k(p)ξ
bT bkj
1−K (p/Λ)
p2 +m2
+
1−K (p/Λ)
p2 +m2
δSI,Λ[φ
sh]
δφshj (−p)
]
= ξaT aij [φj ]Λ(p)
∣∣∣
φ→φsh
. (E.18)
Hence,
−→
δ
δφ∗i (−p)
δS¯Λ
δφi(p)
= ξaT aij
1−K (p/Λ)
p2 +m2
δ2SI,Λ[φ
sh]
δφshj (−p)δφshi (p)
, (E.19)
and therefore ∫
p
K (p/Λ)
−→
δ
δφ∗i (−p)
δS¯Λ
δφi(p)
= 0 (E.20)
by the antisymmetry of T a.
2. We then compute
δS¯Λ
δφi(p)
= − 1
K (p/Λ)
(p2 +m2)φi(−p) + φ∗j(−p)ξaT aji +
δSI,Λ[φ
sh]
δφshi (p)
= − 1
K (p/Λ)
(p2 +m2)
(
φi(−p) + φ∗j(−p)ξaT aji
1−K (p/Λ)
p2 +m2
)
+
δSI,Λ[φ
sh]
δφshi (p)
+
1
K (p/Λ)
φ∗j (−p)ξaT aji
=
δSΛ[φ
sh]
δφshi (p)
+
1
K (p/Λ)
φ∗j (−p)ξaT aji . (E.21)
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3. We therefore obtain∫
p
K (p/Λ)
δS¯Λ
δφi(p)
·
−→
δ
δφ∗i (−p)
S¯Λ
=
∫
p
K (p/Λ)
[
δSΛ[φ
sh]
δφshi (p)
+
1
K (p/Λ)
φ∗j (−p)ξaT aji
]
ξbT bik[φk]Λ(p)
∣∣∣
φ→φsh
= ΣΛ
∣∣∣
φ→φsh
+
∫
p
φ∗j (−p)ξaT ajiξbT bjk [φk]Λ (p)
∣∣∣
φ→φsh
. (E.22)
Hence,
Σ¯Λ = ΣΛ
∣∣∣
φ→φsh
+
∫
p
φ∗j (−p)ξaT ajiξbT bjk [φk]Λ (p)
∣∣∣
φ→φsh
+
∂S¯Λ
∂ξc∗
−→
∂
∂ξc
S¯Λ . (E.23)
4. Using
ξaT ajiξ
bT bjk = −
1
2
fabcξaξbT cjk =
∂S¯Λ
∂ξc∗
T cjk , (E.24)
we obtain ∫
p
φ∗j (−p)ξaT ajiξbT bik[φk]Λ(p)
∣∣∣
φ→φsh
=
∂S¯Λ
∂ξc∗
∫
p
φ∗i (−p)T cij
[
φj(p) + φ
∗
k(p)ξ
dT dkj
1−K (p/Λ)
p2 +m2
+
1−K (p/Λ)
p2 +m2
δSI,Λ[φ
sh]
δφshj (−p)
]
. (E.25)
5. We compute
−→
∂
δξc
S¯Λ = −
∫
p
φ∗i (−p)T cij
[
φj(p) + φ
∗
k(p)ξ
dT dkj
1−K (p/Λ)
p2 +m2
+
1−K (p/Λ)
p2 +m2
δSI,Λ[φ
sh]
δφshj (−p)
]
+ fabcξa∗ξb . (E.26)
Since
∂SΛ
∂ξc∗
fabcξa∗ξb = −1
2
f cdeξdξefabcξa∗ξb = −1
2
f cdefabcξdξeξbξa∗ = 0 (E.27)
by the Jacobi identity, we obtain∫
p
φ∗j(−p)ξaT ajiξbT bjk [φk]Λ (p)
∣∣∣
φ→φsh
+
∂S¯Λ
∂ξc∗
−→
∂
∂ξc
S¯Λ = 0 . (E.28)
6. We finally obtain the desired relation
Σ¯Λ[φ, φ
∗; ξ, ξ∗] = ΣΛ[φ]
∣∣∣
φ→φsh
. (E.29)
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The last relation is already familiar from QED, for which we have derived (8.15),
even though the abelian gauge symmetry of QED is not strictly linear in the sense
used here.
To conclude, we have found that for the O(N) global symmetry, the following
three equations are equivalent:
δSΛ ≡
∫
p
δSΛ
δφi(p)
ξaT aijφj(p) = 0 , (E.30a)
ΣΛ[φ] ≡
∫
p
K (p/Λ)
δSΛ
δφi(p)
ξaT aij[φj ]Λ(p) = 0 , (E.30b)
Σ¯Λ[φ, φ
∗; ξ, ξ∗] ≡
∫
p
K (p/Λ)
δS¯Λ
δφi(p)
−→
δ
δφ∗i (−p)
S¯Λ +
∂S¯Λ
∂ξc∗
−→
∂
∂ξc
S¯Λ = 0 . (E.30c)
The jacobian of the linear transformation is 1:
∫
p
K (p/Λ) ξaT aij
δ[φj ]Λ(p)
δφi(p)
=
∫
p
K (p/Λ)
δ
δφi(p)
−→
δ
δφ∗i (−p)
S¯Λ = 0 . (E.31)
Realization of symmetry in the ERG approach 157
Appendix F
Quick summary
ERG
1. A cutoff function K(p) and its log derivative ∆(p) ≡ −2p2 d
dp2
K(p):
K(0) = 1, K(p)
p2→∞−→ 0 . (F.1)
We usually (not always) choose
K(p) = 1 (p2 < 1) . (F.2)
2. The interaction part SI,Λ of the Wilson action satisfies the Polchinski equation
−Λ ∂
∂Λ
SI,Λ =
1
2
∫
p
∆(p/Λ)
p2 +m2
{
δSI,Λ
δφ(p)
δSI,Λ
δφ(−p) +
δ2SI,Λ
δφ(p)δφ(−p)
}
. (F.3)
3. The full Wilson action
SΛ ≡ −1
2
∫
p
p2 +m2
K (p/Λ)
φ(p)φ(−p) + SI,Λ (F.4)
satisfies the ERG differential equation
−Λ ∂
∂Λ
SΛ =
∫
p
∆(p/Λ)
p2 +m2
[
p2 +m2
K (p/Λ)
φ(p)
δSΛ
δφ(p)
+
1
2
{
δSΛ
δφ(p)
δSΛ
δφ(−p) +
δ2SΛ
δφ(p)δφ(−p)
}]
. (F.5)
4. Under the initial condition SI,Λ0 = SI,B, the integral solution of the Polchinski
equation is given by
exp [SI,Λ[φ]] =
∫
[dφ′] exp
[
(F.6)
−1
2
∫
p
p2 +m2
K (p/Λ0)−K (p/Λ)φ
′(−p)φ′(p) + SI,B[φ+ φ′]
]
.
5. For renormalizable theories, SI,Λ can be determined by the Polchinski equation
and its asymptotic behavior:
SI,Λ
Λ→∞−→ SasympI,Λ . (F.7)
For the φ4 theory in D = 4, we choose
SasympI,Λ =
∫
d4x
[(
Λ2a2(lnΛ/µ) +m
2b2(lnΛ/µ)
) 1
2
φ2
+c2(lnΛ/µ)
1
2
∂µφ∂µφ+ a4(lnΛ/µ)
1
4!
φ4
]
,
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where the coefficients a2, b2, c2, a4 are determined by the Polchinski equation
up to
b2(0), c2(0), a4(0) , (F.8)
which constitute the renormalized parameters of the theory. A particularly
simple choice is
b2(0) = c2(0) = 0, a4(0) = −λ . (F.9)
6. No loss of information along the ERG flow: the correlation functions{
〈φ(p)φ(−p)〉∞ ≡ 1
K(p/Λ)2
〈φ(p)φ(−p)〉SΛ +
1−1/K(p/Λ)
p2+m2
,
〈φ(p1) · · ·φ(pn)〉∞ ≡
∏n
i=1
1
K(pi/Λ)
· 〈φ(p1) · · · φ(pn)〉SΛ , (n > 2)
(F.10)
are independent of Λ.
7. OΛ is a composite operator if SΛ + ǫOΛ satisfies the ERG differential equation
to first order in ǫ, or equivalently if OΛ satisfies the differential equation
−Λ ∂
∂Λ
O =
∫
p
∆(p/Λ)
p2 +m2
[{
p2 +m2
K (p/Λ)
φ(p) +
δSΛ
δφ(−p)
}
δ
δφ(p)
+
1
2
δ2
δφ(p)δφ(−p)
]
OΛ
=
∫
p
∆(p/Λ)
p2 +m2
[
δSI,Λ
δφ(−p)
δ
δφ(p)
+
1
2
δ2
δφ(p)δφ(−p)
]
OΛ . (F.11)
Given an initial condition OΛ0 = OB , the integral formula for OΛ is
OΛ[φ] exp [SI,Λ[φ]] =
∫
[dφ′]OB [φ+ φ′] (F.12)
× exp
[
−1
2
∫
p
p2 +m2
K (p/Λ0)−K (p/Λ)φ
′(−p)φ′(p) + SI,B[φ+ φ′]
]
.
8. The Λ independent correlation functions of a composite operator:
〈OΛ φ(p1) · · ·φ(pn)〉∞ =
n∏
i=1
1
K (pi/Λ)
· 〈O φ(p1) · · · φ(pn)〉SΛ . (F.13)
9. Examples of composite operators
(a)
∫
pK (p/Λ)
δSΛ
δφ(−p) (Equation of motion)∫
p
K (p/Λ)
〈
δSΛ
δφ(−p)φ(p1) · · · φ(pn)
〉∞
= −
n∑
i=1
〈· · · φ(pi + p) · · ·〉∞ .
(F.14)
(b) δSΛδJ(−p) , where J is an external source.〈
δSΛ
δJ(−p)φ(p1) · · · φ(pn)
〉∞
=
δ
δJ(−p) 〈φ(p1) · · ·φ(pn)〉
∞ . (F.15)
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(c) [φ]Λ(p) ≡ 1K(p/Λ)φ(p) + 1−K(p/Λ)p2+m2 δSΛδφ(−p) has the asymptotic behavior
[φ]Λ(p)
Λ→∞−→ φ(p) . (F.16)
(d) If OΛ is a composite operator, so is
A(p) ≡ K (p/Λ)
(
OΛ δSΛ
δφ(−p) +
δOΛ
δφ(−p)
)
= exp[−SΛ]K (p/Λ) δ
δφ(−p) (OΛ exp[SΛ]) . (F
.17)
〈A(p)φ(p1) · · ·φ(pn)〉∞ = −
n∑
i=1
(2π)Dδ(D)(pi + p)
〈
· · · φ̂(pi)OΛ · · ·
〉∞
.
(F.18)
(e) If OΛ is a composite operator, so is
B(p) ≡ δ
δJ(−p)OΛ +
δ
δJ(−p)SΛ · O = exp[−SΛ]
δ
δJ(−p) (O exp[SΛ]) .
(F.19)
〈B(p)φ(p1) · · · φ(pn)〉∞ = δ
δJ(−p) 〈O φ(p1) · · · φ(pn)〉
∞ . (F.20)
10. For the φ4 theory in D = 4, the composite operator [φ2/2](p) is determined by
the differential equation and the asymptotic behavior
[φ2/2](p)
Λ→∞−→ c(lnΛ/µ)1
2
∫
q
φ(q)φ(p − q) , (F.21)
where c(0) is an arbitrary normalization constant.
Ward-Takahashi (WT) identity
1. Under the symmetry transformation of the field φ(p)
δφ(p) = K (p/Λ)OΛ(p) , (F.22)
where OΛ(p) is a composite operator, the Wilson action changes by
ΣΛ ≡ e−SΛ
∫
p
K (p/Λ)
δ
δφ(p)
(OΛ(p)eSΛ)
=
∫
p
K (p/Λ)
(
δSΛ
δφ(p)
OΛ(p) + δOΛ(p)
δφ(p)
)
. (F.23)
The WT composite operator ΣΛ is a composite operator of type (d).
2. The WT identity is given by
ΣΛ = 0 . (F.24)
Since ΣΛ is a composite operator,
lim
Λ→∞
ΣΛ = 0 (F.25)
guarantees the WT identity for all Λ.
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3. The WT identity is equivalent to
n∑
i=1
〈φ(p1) · · · O(pi) · · · φ(pn)〉∞ = 0 . (F.26)
Quantum master equation
1. We generalize the Wilson action SΛ to S¯Λ by introducing an antifield φ
∗, con-
jugate to φ. φ∗ has the opposite statistics to φ. φ∗ is a classical external source
that generates the transformation of φ.
2. The quantum master operator
Σ¯Λ ≡ e−S¯Λ
∫
p
K (p/Λ)
δ
δφ(p)
−→
δ
δφ∗(−p)e
S¯Λ
=
∫
p
K (p/Λ)
[
δS¯Λ
δφ(p)
−→
δ
δφ∗(−p) S¯Λ +
δ
δφ(p)
−→
δ
δφ∗(−p) S¯Λ
]
is a composite operator of type (d), since
−→
δ
δφ∗(−p) S¯Λ is a composite operator of
type (e).
3. The quantum master equation
Σ¯Λ = 0 (F.27)
is satisfied, if
lim
Λ→∞
Σ¯Λ = 0 . (F.28)
4. The quantum master equation is equivalent to the WT identity
n∑
i=1
−→
δ
δφ∗(−pi)
〈
φ(p1) · · · φ̂(pi) · · ·φ(pn)
〉∞
= 0 . (F.29)
5. The Wilson action S¯Λ+ ǫOΛ, deformed by the composite operator OΛ, satisfies
the quantum master equation, if and only if
δQOΛ = 0 , (F.30)
where the BRST transformation is defined by
δQ ≡
∫
p
K (p/Λ)
{ −→
δ
δφ∗(−p) S¯Λ ·
δ
δφ(p)
+
δS¯Λ
δφ(p)
−→
δ
δφ∗(−p) +
−→
δ
δφ∗(−p)
δ
δφ(p)
}
.
(F.31)
6. For any composite operator O, δQO is a composite operator if Σ¯ = 0. Then,
〈φ(p1) · · · φ(pn)δQO〉∞ = −
n∑
i=1
−→
δ
δφ∗(−pi)
〈
φ(p1) · · · φ̂(pi) · · ·φ(pn)O
〉∞
.
(F.32)
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For example,
N ≡ −δQ
∫
p
φ∗(−p)[φ](p) (F.33)
=
∫
p
[
φ∗(−p)
−→
δ
δφ∗(−p) S¯Λ −K (p/Λ)
{
[φ](p)
δS¯Λ
δφ(p)
+
δ[φ](p)
δφ(p)
}]
satisfies
〈N φ(p1) · · ·φ(pn)〉∞ =
(∫
p
φ∗(−p)
−→
δ
δφ∗(−p) + n
)
〈φ(p1) · · ·φ(pn)〉∞ . (F.34)
7. The algebraic identity
δQΣ¯Λ = 0 (F.35)
even if Σ¯Λ 6= 0.
8. The nilpotency δ2Q = 0 needs the QME Σ¯Λ = 0.
Classical nature of the quantum master equation
1. Loop expansions (bars omitted; S¯Λ → SΛ, etc.)
SΛ =
∞∑
l=0
Sl(Λ), ΣΛ =
∞∑
l=0
Σl(Λ), · · · (F.36)
Loop expansions of the asymptotic parts:
SasympΛ =
∞∑
l=0
Sasympl (Λ), Σ
asymp
Λ =
∞∑
l=0
Σasympl (Λ), · · · (F.37)
2. induction hypothesis: Given S0,··· ,l−1 that satisfy Σ0,··· ,l−1 = 0, we wish to
construct Sl so that
Σl = 0 . (F.38)
This condition is equivalent to
Σasympl = 0 . (F
.39)
3. Tree level: we start from the classical action Scl with the classical BRST in-
variance ∫
x
−→
δ
δφ∗(x)
Scl · δScl
δφ(x)
= 0 . (F.40)
We then choose
Sasymp0 = Scl (F
.41)
so that
Σasymp0 = Σ0 = 0 . (F.42)
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4. Under the induction hypothesis, the ERG differential equation Σl
−Λ ∂
∂Λ
Σl =
∫
p
∆(p/Λ)
p2 +m2
δS0
δφ(−p)
δΣl
δφ(p)
(F.43)
implies that Σasympl is independent of Λ.
5. Sl(Λ) satisfies the differential equation
−Λ ∂
∂Λ
Sl =
1
2
∫
p
∆(p/Λ)
p2 +m2
[
l∑
k=0
δSk
δφ(−p)
δSl−k
δφ(p)
+
δ2Sl−1
δφ(p)δφ(−p)
]
. (F.44)
We split Sl into two parts:
Sl(Λ) = S1,l + S2,l(Λ) (F.45)
(a) S1,l is independent of Λ, not determined by the differential equation.
(b) S2,l(Λ) is a particular solution of the differential equation for Sl.
We wish to fine tune S1,l so that Σl = 0.
6. We split Σl into two parts:
Σl = Σ1,l +Σ2,l , (F.46)
where
Σ1,l ≡
∫
p
K (p/Λ)
[ −→
δ
δφ∗(−p)S0 ·
δ
δφ(p)
+
δS0
δφ(p)
−→
δ
δφ∗(−p)
]
S1,l ,
Σ2,l ≡
∫
p
K (p/Λ)
[ −→
δ
δφ∗(−p)S0 ·
δ
δφ(p)
+
δS0
δφ(p)
−→
δ
δφ∗(−p)
]
S2,l
+
∫
p
K (p/Λ)
[
l−1∑
k=1
−→
δ
δφ∗(−p)Sk ·
δSl−k
δφ(p)
+
−→
δ
δφ∗(−p)
δ
δφ(p)
Sl−1
]
.
(a) Sasymp0 = Scl implies Σ
asymp
1,l is Λ independent.
(b) Σasympl is Λ independent, and so is Σ
asymp
2,l .
7. Σl = 0 is equivalent to
Σasymp1,l +Σ
asymp
2,l = 0 . (F
.47)
8. The classical BRST transformation is defined by
δcl ≡
∫
x
[ −→
δ
δφ∗(x)
Scl · δ
δφ(x)
+
δScl
δφ(x)
−→
δ
δφ∗(x)
]
. (F.48)
This is nilpotent:
δ2cl = 0 . (F.49)
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9. Since
Σasymp1,l = δclS1,l , (F
.50)
we obtain
δclΣ
asymp
1,l = 0 . (F
.51)
10. δQΣΛ = 0 and the induction hypothesis imply
∫
p
K (p/Λ)
[ −→
δ
δφ∗(−p)S0 ·
δ
δφ(p)
+
δS0
δφ(p)
−→
δ
δφ∗(−p)
]
Σl = 0 . (F.52)
Taking the asymptotic form, we obtain
δclΣ
asymp
l = 0 . (F
.53)
Hence, δclΣ
asymp
1,l = 0 implies
δclΣ
asymp
2,l = 0 . (F
.54)
11. Σl = 0 is equivalent to
δclS1,l = −Σasymp2,l . (F.55)
12. Thus, we must prove the triviality of the cohomology of δcl:
δclΣ
asymp
2,l = 0
?
=⇒ Σasymp2,l = δcl(−S1,l) . (F.56)
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